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Abstract 

We consider extremal black hole solutions to the vacuum Einstein equations in di- 
mensions greater than five. We prove that the near- horizon geometry of any such black 
hole must possess an SO(2, 1) symmetry in a special case where one has an enhanced 
rotational symmetry group. We construct examples of vacuum near-horizon geome- 
tries using the extremal Myers- Perry black holes and boosted Myers- Perry strings. The 
latter lead to near-horizon geometries of black ring topology, which in odd spacetime 
dimensions have the correct number rotational symmetries to describe an asymptoti- 
cally flat black object. We argue that a subset of these correspond to the near- horizon 
limit of asymptotically flat extremal black rings. Using this identification we provide 
a conjecture for the exact "phase diagram" of extremal vacuum black rings with a 
connected horizon in odd spacetime dimensions greater than five. 
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1 Introduction 



Exact black hole solutions to Einstein's equations are notoriously difficult to find. In recent 
years remarkable progress has been made in five dimensions, starting with the important 
work of [1] on Weyl solutions. This classification inspired the discovery of the black ring 
[2], an exact solution describing a black hole with horizon topology S 1 x S 2 (cf. [3] for a 
review). Subsequently, for vacuum gravity, the existence of more systematic techniques has 
led to the construction of a number of new solutions. In particular, the Belinsky-Zhakarov 
method [4, 5], which employs ideas from integrable systems such as inverse-scattering, has 
been exploited to find many novel black hole configurations. These methods have been used 
to construct a generalization of the black ring that carries two independent angular momenta 
[6, 7, 8, 9], the 'black Saturn' [10] (a multi-black hole solution consisting of a rotating black 
ring with a spinning black hole at its centre) and other solutions with multiple horizons such 
as the di-ring [11, 12], the bi-ring [13, 14], etc.. The recent reviews [15, 16] summarize our 
current understanding of higher dimensional black holes. 1 

Unfortunately such techniques do not extend beyond five spacetime dimensions, if one 
is interested in stationary asymptotically flat spacetimes. This is due to the fact that these 
techniques rely on the integrability of Einstein's equations when restricted to D-dimensional 
stationary spacetimes with a spatial U(1) D ~ 3 symmetry group. For D = 4, 5 this coincides 
with the dimension of the maximal abelian rotational group (which must be a subgroup 
of SO(D — 1)). However, for D > 5 this is too much (abelian) symmetry to describe a 
localized object. As a result, very little is known about higher dimensional asymptotically 
flat black hole solutions. In particular, the only exact black hole solutions known in the 
vacuum are the Myers-Perry (MP) black holes [18] which have a spherical horizon topology. 
Therefore black hole non-uniqueness still remains to be proved for D > 5; however, see 
[19] for compelling arguments for non-uniqueness. Moreover, one expects other possible 
horizon topologies to exist; in particular, higher dimensional versions of black rings, i.e., 
black holes with horizon topology S 1 x S D_3 . In fact, in the analysis of balanced black rings 
of [20, 21] it is argued that such solutions exist. Further, the recent perturbative analysis of 
[19] constructs approximate solutions and infers properties of the 'phase diagram' to argue 
for non-uniqueness in dimensions D > 6 with one non-zero angular momentum. 

It is of course well known that a useful tool to aid construction of exact solutions to 
Einstein's equations is supersymmetry. Indeed, the exploration of supersymmetric black 
holes/branes has a rich history and in recent years the systematic classification programme 
has led to the discovery of many interesting new solutions [22, 23, 24, 25, 26, 27, 28, 29, 
30, 31, 32, 33, 34, 35, 36, 37, 38, 39]. A supersymmetric black hole is necessarily extremal. 
It has emerged that in fact it is this latter property which is responsible for the black hole 
attractor mechanism (cf., [40] for a review of recent developments in this area). This is 

1 See also [17] for generalizations of the Weyl technique to non-static solutions. 
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essentially due to the fact that the near-horizon limit of an extremal black hole in D = 4, 5 
always has an 5*0(2, 1) symmetry group [41, 42]. 2 While vacuum black holes can never be 
super symmetric, they can be extremal (e.g., extremal Kerr in four dimensions). Therefore, 
a natural simplifying assumption to study higher dimensional vacuum black holes is to focus 
on extremal solutions. This will be the strategy employed in this paper. 

One might be concerned that the assumption of extremality is too strong to reveal any 
interesting aspects of black hole solutions in higher dimensions. In five dimensions, where 
we have exact solutions, this is not the case - one still has both topologically spherical 
black holes and black rings. In particular, the known extremal vacuum black holes consist 
of the extremal MP solution (which must have two non-zero angular momenta) as well 
an extremal black ring (which also must have two non-zero angular momenta). Curiously, 
black hole uniqueness is not actually violated for these extremal solutions, in contrast to 
the non-extremal case [14]. In any case the restriction to extremal black holes is not overly 
constraining. Another motivation for studying extremal, non- super symmetric black holes, 
comes from the fact that recently there has been progress in providing exact microscopic 
counting of their entropy [43, 44, 45, 46, 47, 48]. 3 

In five dimensions, it turns out that the near-horizon geometry of the vacuum extremal 
black ring is isometric to a special case of the near-horizon geometry of the boosted Kerr- 
string [42] (the boost is such that the string is tensionless). It should be emphasized that 
this is a statement regarding exact solutions to the vacuum Einstein equations. The usual 
relation between boosted black strings and black rings occurs only in the limit of large thin 
rings. This is due to the obvious qualitative expectation that a large thin ring locally "looks 
like" a black string. However, the statement about near-horizon geometries of the extremal 
solutions is actually valid at the full non-linear level. It is this intriguing connection which 
we will exploit to make progress in higher dimensions. 

One of our results will be to give the explicit near-horizon geometries of the general 
extremal MP black holes in D > 5 and the boosted MP black string in D = 2n + 3. 
These solutions possess the typical S0(2, 1) symmetry which occurs for D = 4, 5 black holes 
[41, 42]. Spatial sections of the horizon of the MP string near-horizon geometry are of S 1 x S 2n 
topology, thus providing a candidate black ring near-horizon geometry in higher dimensions. 
Indeed, we argue that the near-horizon geometry of the MP black string is isometric to that 

intuitively, extremal black holes have a long throat-like region, with the horizon located at an infinite 
proper distance from the any point outside the black hole. This suffices to erase the memory of the asymptotic 
boundary conditions as one approaches the near-horizon. Hence one expects the attractor mechanism to 
also hold in D > 6. 

3 The underlying reason responsible for this seems to be the attractor mechanism, which has been argued 
to guarantee that the entropy of the black hole should not vary as we move in the moduli space (for instance 
by tuning the string coupling) [49] (see also [50]). Indeed, the assumption of SO(2, 1) symmetry in the near- 
horizon limit (subsequently proved in [42]) has been used to establish an attractor mechanism for rotating 
extremal black holes in D = 4, 5 [51] (see also [52]). 
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of an asymptotically flat extremal black ring in D = 2n + 3 spacetime dimensions, provided 
one takes a particular value for the boost parameter. This value must be such that the MP 
string is tensionless. Our construction only works in odd dimensions, since a d = 2n + 2 
dimensional MP solution times a line has the correct number of abelian symmetries to 
describe an asymptotically flat black object with a compactly generated horizon in D = d+ 1 
dimensions (this is not the case for an odd dimensional MP black holes). 

To support this proposal we will also prove a technical result regarding the symmetries 
of near-horizon geometries of D > 5 dimensional black holes. We expect that the 5*0(2, 1) 
symmetry which occurs for D = 4, 5 black holes generalizes to higher dimensional black holes. 
However, this general statement seems difficult to prove. As a step towards this we establish 
that, in the special case where the rotational symmetry group is enhanced to U(l) x SU(n) 
(in 2n + 2 dimensions) or U(l) 2 x SU (n) (in 2n + 3 dimensions), one must have an SO (2, 1) 
symmetry. The proof directly generalizes the one used in D = 4, 5 [42], and uses dynamical 
information (i.e., certain components of the Ricci tensor must vanish). The result is valid for 
vacuum solutions (even with a cosmological constant) and we expect it can be generalized 
to include matter as was done in D = 4, 5. Such an enhancement of rotational symmetry 
typically occurs when one is dealing with black holes with equal angular momenta in even 
dimensions, or all but one angular momenta equal in odd dimensions. 

The identification of the near-horizon of the black ring in odd D > 5 will be incomplete 
unless we can use it to provide a detailed analysis of the physical parameters of the solution. 
The general picture of the attractor mechanism would suggest that we should be able to 
recover all the conserved charges from the near-horizon geometry [53, 54]. 4 As we discuss 
this expectation is not true in general; one needs more information than the near-horizon 
geometry to identify the conserved quantities of a black hole solution. We will clarify exactly 
what data one should expect to be able to compute from a near-horizon geometry. For 
example, obtaining the mass requires knowledge of the asymptotic stationary Killing field, 
which is not contained in the near-horizon geometry. Likewise knowledge of the asymptotic 
stationary frame is required to identify the angular velocities of the black hole/ring. 

While this presents an obstacle to identifying the physical parameters of the putative 
extremal black rings in D > 5, we argue that it is nevertheless possible to deduce the 
necessary quantities by employing extra information at hand. For instance, to determine the 
mass we use knowledge of the mass of the corresponding MP string. We are able to recover 
certain components of the conserved angular momenta from the near-horizon geometry, i.e., 
the components orthogonal (at asymptotic infinity) to the S 1 of the ring. However, the 
angular momentum along the S 1 is not as straightforward. There is an important difference 

4 In these analyses, the authors considered supersymmetric black holes, in which case one also has the BPS 
relation fixing the mass. For black holes with spherical topology, this will suffice to compute the charges. Our 
interest, however, lies in generic extremal situations where the near-horizon geometry is the only available 
data. 
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between a black ring and a black string - the former carries angular momentum, while the 
latter carries linear momentum. Heuristically, one must "fold" the latter (in the thin ring 
limit) to convert it to a black ring. Here we encounter a crucial issue; the direction along 
the string is not necessarily the S 1 direction of the ring. To complete the specification of 
the physical parameters, we need to infer some aspects regarding the asymptotic geometry, 
in particular, the plane in which the ring rotates. Using the fact that thin black rings look 
like black strings, we argue that in D > 5 certain regularity conditions force the direction 
along the string to be the same as the direction along the ring. This allows us to complete 
the determination of all the physical parameters of the extremal black rings. Based on 
this identification we present results for the phase diagram of these solutions in various 
dimensions. 

The organization of this paper is as follows: we begin in § 2 with a general analysis of near- 
horizon geometries for extremal solutions. Apart from proving (under certain restrictions) 
that the near-horizon geometry has an enhanced symmetry, we present examples of vacuum 
near-horizon geometries in D > 5 and we also discuss in detail the parameters we can 
extract from the knowledge of the near-horizon geometry alone. In § 3 we discuss properties 
of extremal MP black holes in various dimensions focusing on the "moduli space" of extremal 
solutions. We extend this analysis to extremal MP black strings in § 4. In § 5 we discuss 
the known extremal doubly spinning black ring. In § 6 we argue that we have the exact 
near-horizon geometries of the yet to be found asymptotically flat extremal black rings in 
D = 2n + 3 and analyze their physical properties. Finally, we conclude in § 7 with a 
discussion. In Appendix A we collect some technical details that are useful in extracting the 
near-horizon geometries of known extremal solutions. 

2 Near-horizon geometries 

We begin in § 2.1 by introducing a useful coordinate chart valid in the neighbourhood of the 
event horizon of a stationary black hole solution: the Gaussian null coordinates [55, 23]. 5 We 
will then prove in § 2.2 a general result regarding the symmetries of near-horizon geometries 
in higher than five dimensions. Following this technical result, we will present the near- 
horizon metrics for MP black holes and black-strings in § 2.3.1 and § 2.3.2 as examples of 
near-horizon geometries with spherical and ring-like topology. Finally, in § 2.4 we discuss 
what physical quantities can be expected to be extracted from the knowledge of a near- 
horizon geometry alone. A short word on notation: We will use D to denote the total 
spacetime dimension for black rings and black strings and d to denote the dimension of the 
black holes used to construct the strings, so that D = d + 1. For convenience, we will also 
use a variable n, related to the spacetime dimension by D = 2n + 3. 

5 These are the analog of Gaussian normal coordinates used in the neighbourhood of a spacelike hyper- 
surfacc. 
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2.1 Gaussian null coordinates and the near-horizon limit 

In the neighbourhood of the event horizon of a stationary black hole one can introduce 
coordinates x M = (v,r, x a ) such that the metric takes the form [23]: 

ds 2 = r f(r, x) dv 2 + 2 dv dr + 2 r h a (r, x) dv dx a + 7 a b(r, x) dx a dx b . (2.1) 

The horizon is located at r = 0, and is a Killing field normal to the horizon. The exterior 
of the black hole is the region r > 0. Spatial sections of the horizon consist of a compact 
manifold 7i, with coordinates x a , equipped with a Riemannian metric 7 a ft(0, x). The surface 
gravity of the horizon is given by 

K=~f\ a- (2-2) 

o J \r=0 y ' 

By definition, an extremal black hole is one with vanishing surface gravity. Therefore, 
assuming analyticity, it follows that f(r,x) = r F(r,x); this implies g vv = O (r 2 ). From this 
it follows that the horizon is an infinite proper distance from any point outside the black 
hole. This allows us to zoom into the vicinity of the horizon in a particular way and define 
a consistent near-horizon limit; the limiting geometry explicitly solves Einstein's equations 
[23]. 

For an extremal black hole one may define the near-horizon limit 6 by: r — > er, v — > v/e 
where we take e — > 0. The resulting geometry (in the rescaled coordinates) is: 

ds 2 = r 2 F(x) dv 2 + 2 dv dr + 2 r h a (x) dv dx a + 7 ab (x) dx a dx b (2.3) 

where F(x) = F(0, x) etc., and will be referred to as the near-horizon geometry of the black 
hole. It is guaranteed to solve the same equations of motion as the full black hole solution 
(since it is just a well-defined limit of the original metric). We should emphasize that the 
near-horizon limit only exists because g vv = O (r 2 ) {i.e., from the extremality condition). 

Similar scalings do not exist for the non-extremal solutions, although we note that if 
ft^O then to leading order "near" the horizon (i.e., for small r) one has 

ds 2 ~ -2 k r dv 2 + 2 dv dr + 2 r h a (x) dv dx a + j ab (x) dx a dx b . (2.4) 

The first two terms are Rindler space written in (v,r) coordinates, which is familiar from 
studies of black hole thermodynamics. However, observe that the metric (2.4) is not a 
solution of the field equations as it is not obtained via a limit of a sequence of metrics, but 
rather just truncating the Taylor expansion in r of the metric coefficients. 

2.2 Symmetry enhancement in the near-horizon limit: SO(2, 1) 

The near-horizon geometry (2.3) has an enhanced symmetry, relative to the black hole, 
generated by v — >• Xv and r — > r/X, which when combined with translations in v forms a 

6 Note this is analogous to the concept of a double scaling limit. 



6 



2d non-abelian group @2- 7 In D = 4, 5 if one assumes the presence of U(l) D ~ 3 rotational 
symmetries one can prove that the Einstein's equations (in a fairly general class of theories) 
imply that the symmetry is further enhanced to 50(2, 1) x U(1) D ~ 3 [42]. The existence of 
the U(1) D ~ 3 symmetry allows us to introduce coordinates on the horizon x a = (p, af), where 
i = 1, • • • , D — 3, such that the -J^ are Killing fields. The near- horizon geometry can then 
be written in a particularly simple form: 

ds 2 = T(p) (A r 2 dv 2 + 2 dvdr) + dp 2 + ^(p) (dx i + k { r dv) (dx j + k j r dv) (2.5) 

where T(p) is a positive function of the coordinate p introduced on the horizon, while A 
and k l are constants. Note that the generators of the rotational symmetries will in general 
be linear combinations of the and thus these need not have closed orbits. 

An open question is whether the same occurs for D > 5 when one assumes 8 [^p] 
rotational abelian symmetries; 9 this is the maximal abelian subgroup of SO(D — 1). We 
will not be able to address this general question here. However, we are able to prove the 
existence of the 50(2, 1) symmetry in a special case where the rotational symmetry group 
enhances to U(l) x SU(n) in In + 2 dimensions and U(l) 2 x SU(n) in 2n + 3 dimensions. 
Such a symmetry typically 10 occurs when all the angular momenta are set equal in In + 2 
dimensions, or all but one are equal in In + 3 dimensions. The rest of this section will be 
dedicated to the proof of this assertion. Readers interested in the physical aspects of the 
extremal solutions can jump directly to the examples discussed in § 2.3. 

For the sake of generality, consider horizons 7i equipped with a metric 7 a {, with an 
isometry group U (l) m x G whose orbits are generically cohomogeneity-1 T m (torus) fibrations 
over a homogeneous space M = G/H. We will also assume that the rest of the near- 
horizon data F, h a is also invariant under this symmetry. Then the full near-horizon geometry 
has an isometry group Q2 x U(l) m x G with D — 1 dimensional orbits, and hence is also 
cohomogeneity-1. We restrict our attention to homogeneous spaces M that admit a unique 
(up to homothety) G-invariant metric, 11 which we denote by g. It follows that M cannot 
admit any G-invariant one forms, for if such a one-form a existed, then g + A a 2 would yield 
a one-parameter (A) family of G-invariant metrics contradicting our original assumption. 
However, G-invariant closed two- forms J may exist. Suppose K such two forms J 1 (where 
/ G {0, 1, • • • , K}) exist and denote their respective potentials by A 1 , so J 1 = dA 1 . Note 
that the A 1 are invariant under G up to a gauge transformation. Now, one can introduce 
coordinates on the horizon x a = (p,x t ,y p ), where x % are adapted to U(l) m Killing fields and 

7 The generators of Q2 are of course v (^j) — r (J^) and (^j), respectively. 
8 We use [x] to denote the integer part of x. 

9 In fact there is the possibility of having black holes with less symmetry than this since the rigidity 
theorem [56] only guarantees the existence on one rotational isometry for generic stationary solutions. 

10 Note that there is no general proof of this statement, it is merely based on the observation it occurs for 
all known solutions. 

"This is true for CP N = SU(N + 1)/SU(N) and S N = SO(N + l)/SO(N) for example. 
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y p are coordinates on M. Then, the most general U(l) m x G invariant metric on the horizon 
can be written as: 

lab dx a dx b = dp 2 + ll3 (p) a' a' + R(p) g pq (y) dy p dy q (2.6) 

where a % = dx % + A l (y) and A 1 are some linear combination of the A 1 i.e., A 1 = Y2i a } A 1 . 
Note the action of G on the A 1 shifts them by a total derivative which can be compensated 
by a shift in the x l to ensure G-invariance. Observe that the a 1 are the only G-invariant one 
forms on 7i. Hence the most general U(l) m x G invariant one-form on the horizon can be 
written as 

h = -^dp + T- 1 k l (p)a l (2.7) 

where T = T(p) > 0. 

Performing the coordinate transformation r — > T(p)r in the near-horizon metric (2.3) 
allows us to write it as 

ds 2 = A(p) r 2 dv 2 + 2T(p) dv dr + dp 2 + R(p) g pq (y) dy p dy q 

+ lij(p) {u* + k\p)rdv) (a j + k j (p)rdv) (2.8) 

where A = T 2 F — k % ki and k l = 7* J kj. We are now ready to present our result: 

Theorem: Consider a cohomogeneity-1 near-horizon geometry with an isometry group 
Q2 x U(l) m x G, whose orbits on the horizon are generically cohomogeneity-1 T m fibrations 
over a homogeneous space M = G/H. Suppose M admits a unique (up to homothety) G- 
invariant metric. Introduce coordinates (v , r, p, x\ y p ) as described above in (2.8). If R P i = 
and R pv = 0, then k % are constants and A = A T for some constant A . If A 7^ the 
near-horizon geometry then possesses 0(2, 1) x U(l) m x G symmetry, where the 0(2, 1) has 
3-dimensional orbits if k % 7^ and 2-dimensional orbits otherwise. If A = then 0(2, 1) is 
replaced by the 2d Poincare group. 

Proof: Direct calculation gives 

Rpi = ^ Rpo = f ( A ~ ~f~ + ^ (2 ' 9) 

and thus the vanishing of these components implies k % are constants and A = AqT for some 
constant Aq. The near-horizon metric (2.8) then simplifies to 

ds 2 = T(p) [A r 2 dv 2 + 2dv dr] + dp 2 + R(p) g pq (y) dy p dy q 

+lM {a i + k i rdii) (V + k j r dv) (2.10) 

The 2d maximally symmetric space in the square brackets is: (i) AdS2 when Aq < or (ii) 
dS2 when A > 0, both of which have 0(2, 1) isometry groups, or (iii) R 1,1 if A = which 
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has 2d Poincare symmetry. The volume form of this 2d space is dv A dr and thus under all 
its isometries r dv — > ±(r dv + d</>) where 0(r, v) is some function (the choice of sign depends 
on whether the isometry is orientation preserving or not). Thus if under the isometries of 
the 2d space we also shift x 1 — > ±(x l — k l (j)), then the full near-horizon metric is invariant 
under 0(2, 1) if Aq ^ or the 2d Poincare group if Aq = 0. Further, if k l ^ the isometry 
of the 2d space has 3d orbits due to the shifts in x l . 

Remarks: 

• Clearly the conditions of the above theorem are fulfilled for vacuum solutions with or 
without a cosmological constant. Further it is easy to show it is also valid when one 
couples scalar fields with a potential. Presumably it can also be established in the 
presence of Maxwell fields but we shall not pursue this here. 

• We can prove that A < (which rules out the dS2 case) and argue that only the 
AdS2 (Aq < 0) case is relevant to black holes as follows [42]. The vr component of 
the Ricci tensor of the near-horizon metric (2.10) is R vr = Aq + — | V 2 r where V 
is the metric connection on 7i. Integrate this over Ti, to conclude that, for a vacuum 
solution, A < with equality iff k l = (in which case T is harmonic on a compact 
space Ti and thus a constant). Therefore the case Aq = is a direct product of 
R 1 ' 1 and a Ricci flat metric on 7i which is a static near-horizon geometry. In fact, 
the general analysis of static vacuum near-horizon geometries in [57] shows that they 
are always (i.e. without the assumption of rotational symmetry) a direct product of 
R ' and a Ricci flat metric on TC. In D = 4, 5 it follows 7i is a torus with a flat 
metric which one discounts in view of the horizon topology theorems. In D > 5 a 
new feature arises as one can have non-trivial D — 2 dimensional Ricci flat compact 
manifolds. Generically Ricci flat metrics on compact spaces do not have continuous 
isometries, except for flat torii factors. However, such a situation is incompatible 
with our cohomogeneity-1 assumption, as the only way to have the correct number of 
abelian rotational symmetries (i.e., [(D — l)/2\) would be to have higher cohomogeneity 
metrics. 12 . Note that with a negative cosmological constant one must have Aq < 0. 

• The case relevant to vacuum black holes in 2n + 2 and 2n + 3 dimensions is when 
m = 1 and m = 2 respectively (corresponding to S 1 or T 2 fibrations) and M = CP n ~ l 
so G = SU(n). From cohomology we know there is a unique G-invariant closed 2- 
form, the Kahler form J, and hence J 1 = C l J for some constants C l . All known black 

12 If one relaxes the cohomogeneity-1 assumption these static cases can be made compatible with the correct 
number of rotational symmetries (for high enough D). However, none of these symmetries would have fixed 
points. While we are not aware of a theorem stating such horizons are incompatible with asymptotic flatness, 
we expect such horizons not to occur for asymptotically flat black holes. 
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hole solutions with these symmetries have equal angular momenta in even dimensions 
(m = 1) or all but one equal in odd dimensions (m = 2). 

• The case m — 1, 2 with M = S 2n ~ 2 is relevant to black holes spinning in a single plane 
in 2n + 2 and In + 3 dimensions respectively. While in the vacuum there are no known 
extremal solutions of this type, in the presence of charge one can have near-horizon 
geometries of this type. It is easy to see from cohomology that there are no closed 
two- forms when n > 2; in this case 

• The staticity conditions of the near-horizon metric (2.10) imply either: (i) k % = 0, or 
(ii) A T = —k l ki, and ki = Tki with ki constant and J l ki = 0. Case (i) leads to 
near-horizon geometries which are warped products of AdS2 with 7i. Case (ii) is more 
interesting as one can show that in this case the near-horizon geometry is a warped 
product of AdS3 with a compact space. This will be of relevance if one is considering 
non- vacuum black ring near- horizon geometries since these can be static [23, 29]. 

2.3 Examples of near-horizon metrics 

In this section we will write down examples of vacuum near-horizon geometries and separate 
them according to horizon topology. We will in fact present some solutions with ring-like 
topology. 

2.3.1 Spherical topology horizons 

The only known vacuum solutions in this class are the MP black holes. Thus, consider the 
extremal MP solution in 2 n + 1 and 2 n + 2 dimensions. 13 These solutions are stationary 
and have n rotational isometries, so the isometry group is Rf x U(l) n . The solution, in 
both cases, is specified by n independent rotation parameters a^, with i £ {1, ■ ■ • , n} and 
a mass parameter /i. For convenience, we write down the explicit metrics in Appendix A 
in Boyer-Lindquist type coordinates (t,r, [J,i,4>i), where the fii are the direction cosines and 
the 0j's are angles in each two plane with Cartesian coordinates {x 7- ,!/ 1 }. In even spacetime 
dimensions one has an extra direction cosine a since there are an odd number of spatial 
dimensions. The direction cosines /ij and a (which take values in the range < /ij < 1 with 
— 1 < a < 1) satisfy 

n n 

^/i, 2 = l, J>, 2 + a 2 = l. (2.11) 

i=i i=i 

13 In the initial part of the section alone will we discuss black holes in 2n+ 1 odd dimensions, for notational 
convenience. Later on we will exclusively focus on D = 2n + 3 dimensions. 
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in odd and even dimensions respectively. The location of the horizon is determined by the 
largest positive number r + such that 14 

IT(r + ) - firl = n(r+) - fir+ = 0, (2.12) 

in odd and even dimensions respectively, where 

n 

n(r) = II (r 2 + a?) ■ (2-13) 

i=i 

The extremal limit of these black holes is given by 

n'(r + ) = 2/ir + , n'(r + )=/i (2.14) 

in odd and even dimensions respectively. The conditions (2.12) and (2.14) can simultaneously 
hold only when the black hole is spinning in all the two planes available i.e., we need at 7^ 
V % = 1, • • • , n. Without loss of generality we will henceforth assume aj>0Vi = l,---,n 
and use (2.14) to eliminate fi, the mass parameter. 

The near-horizon geometry is obtained by taking the near-horizon limit as described 
earlier such that r — > r + (i.e., the horizon in these coordinates is at r = r + ). The procedure 
requires one to first introduce coordinates valid on the horizon and is greatly facilitated 
if one works with co-rotating coordinates as discussed in [42]. We present some of the 
details relevant to these higher dimensional examples in Appendix A. The upshot of these 
calculations is that the near- horizon geometry of the 2n + 1 and In + 2 dimensional extremal 
MP black holes can both be written as: 



ds 2 = F+ (- jSA r 2 dv 2 + 2 dvdr^j + 7ww d/Sdrf 



+ ^ W + ,,2 ll^ dv d<? + ,»:' rdv , (2.15) 



where 



[rX + aiY J V { r + + a j. 



E^2> ( 2 -!6) 
^ rl + aV v 1 



i=l 



lij = (r + + a { ) & Sij + —a i fj, i a o f*j ■ (2-17) 

and 

n n 

7 WW d/J dfjP = J2(r 2 + + a 2 ) dfi 2 , j mH dfi 1 dfi 3 = r\ da 2 + ^ (r\ + a 2 ) dfi 2 (2.18) 

i=l i=l 

in odd and even dimensions respectively. 



14 The mass parameter /1, which we will later have occasion to refer to as /j,£> and /id should not be confused 
with the direction cosines. 
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The coordinates on the horizon are (/ij,0j), where <pi are 27r-periodic and the direction 
cosines are subject to the appropriate constraint (2.11). Note that the coordinates r, 0j, here 
are not the same as those in the original MP solution (see Appendix A). The horizon in the 
above coordinates is at r = and spatial sections are of topology S 2n_1 in 2n + 1 dimensions 
and S 2n in 2n + 2 dimensions. The metric on the horizon has U (l) n symmetry in both cases 
and describes a co homogeneity- (n — 1) metric on S 2n_1 and a cohomogeneity-n metric on 
S 2n , respectively. The full near-horizon geometry has SO(2, 1) x U(l) n symmetry and is also 
cohomogeneity- (n — 1 ) in 2n+l dimensions and cohomogeneity-n in 2n+2 dimensions. Thus, 
for generic values of the parameters a,, the metric (2.15) provides explicit examples of near- 
horizon symmetry enhancement, which are outside the assumptions of our theorem proved 
in § 2.2. These geometries generalize the discussion of the extremal Kerr black hole near- 
horizon geometry and the five dimensional extremal MP black hole near-horizon geometry 
discussed in [41, 42]. 

While the near-horizon geometries given above are complicated for generic values of the 
angular momenta parameters aj, there are special cases in which the solutions can simplify 
drastically. These cases arise when some subset of the a« are taken to be equal. As will 
be explained in subsequent sections, for even dimensions, we will be interested in the case 
when all the a, are taken equal, whereas in odd dimensions we will want explicit expressions 
for the case in which all but one of the at are taken equal. In either situation, the full MP 
black hole solutions are cohomogeneity- 2, and the corresponding near-horizon geometries are 
cohomogeneity- 1 . 

From (2.15) we find that the near-horizon geometry of the extremal MP black hole in 
2n + 2 dimensions with a,; = a is 



ds2 = M f (2n-lg r ,_ dv2 2 1 IW) ^ 2 n J jdj 8 ^ 
2n V 2a 2 n J 2n - 1 2n - 1 



2 

n-1 



4n 2 a 2 sin 2 9 / A (2n - if I 2 \ 2 . . 



where 



f n (e) = 1 + (2n - 1) cos 2 9, (2.20) 

and c?S 2 _ 1 is the Fubini-Study metric on CP 17-1 with Kahler form J = ^dA, and is 2tt 
periodic with < 9 < 7r. 15 The near-horizon geometry has SO(2, 1) x 17(1) x SU(n) symmetry 
and the horizon is described by a cohomogeneity- 1 metric on S 2n . The U(l) x SU(n) has 
§2n-i orD its. Note that the n — 1 case corresponds to the near-horizon geometry of extremal 
Kerr discussed in [41, 42]. 



15 We have written the squashed S 2n in terms of a polar angle 9 and a round S 2 ™ -1 . A round odd 
dimensional sphere with coordinates (ui, 4>i) can be written as Xa=i + v 1 ^4% = {d<t> + A) 2 + dY, 2 l _ l and 
S"=i v 1 d<t>i = dip + A, where Wj are directions cosine. 
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Finally, we consider an extremal MP black hole in D = 2n + 3 dimensions, as this 
will prove useful for comparison to the black strings studied in the next section. Such a 
black hole has U(l) n+1 rotational symmetries in general, and its near- horizon geometry for 
arbitrary angular momenta parameters Oj can be easily read off from (2.15) (one must shift 
n — > n + 1). In the special case with a« = 02 for % — 2, • • • , n + 1, the black hole solution 
becomes cohomogeneity-2 with a co homogeneity- 1 near-horizon geometry given by 

ds 2 = F+(6) (- ^f±\ r 2 dv 2 + 2dvdr) (2.21) 



2IT(r + ) 

+ p + {9) 2 d9 2 + (r 2 + a\) cos 2 9 d^ 2 + (r 2 + a 2 2 ) sin 2 9 dE 
1 



+ 



F + {9) 



n-l 

2r< a 2 , \ 2 r, ( 1 1 2r + a>i 

a 2 sm 9 [dm + A + —r. ^-r rdv]+ai cos 9 [dip + ^-r r dv 

'r{ + a 2 2 ) 2 J V. (r 2 + + aj) 2 



with 



P+ (9) 2 =r 2 + + al cos 2 9 + a\ sin 2 9, F + (9) = T }^\ (2-22) 

where is 27r-periodic, < < 7r/2 and we have defined ip = 0i. 16 The near-horizon 
geometry has 5*0(2, 1) x U(l) 2 x SU(n) symmetry and spatial cross sections of the horizon 
are equipped with a cohomogeneity-1 metric on S 2n+1 . One can of course, further specialize to 
a\ = a 2 to obtain a homogeneous metric, which we will refrain from writing down explicitly. 
The n — 1 case corresponds to the cohomogeneity-1 near-horizon geometry of the D = 5 
MP black hole discussed in [41, 42]. 



2.3.2 Black ring topology horizons 

The only known exact vacuum solution with S 1 x S D ~ 3 horizon topology is the boosted MP 
string which is not asymptotically flat (there are of course the perturbative singly spinning 
black ring solutions of [19]). We will consider only odd dimensions in this section, as we 
will see only in this case can the string near-horizon geometry correspond to that of an 
asymptotically flat black ring. To construct the string we use the d = 2n + 2 MP solution, 
so the string lives in D — d + 1 dimensions. The string then will have horizon topology 
gi x g2n with symmetry U(l) n+l (which is the correct number of rotational symmetries in 
this dimension) and thus provide us with a candidate black ring near-horizon geometry. 

To proceed, we simply take the extremal MP black hole in d = 2n + 2 dimensions and add 
a flat direction dz 2 and boost (t, z) — > (cosh (3t — sinh j3z, — sinh (3t + cosh (3z). The explicit 
string metric is given in the appendix (A. 4). We then take the near- horizon limit in the 
manner described in Appendix A. After some calculation one finds (denoting cosh/3 = eg 

16 Here we have written the squashed S 2n+1 in terms of an angle tp and a polar angle 9 leaving a round 
S 2 " -1 which we have then written in terms of CP n ^ 1 quantities as in the previous footnote. 
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and sinh (3 = sp) 

cp \ 2c /9 II(r H 



ds 2 = ^± (- o n ffi , r 2 cfo 2 + 2 rfw dr ) + 7wM . d/x* dfi j (2.23) 



+7i 7 - ( d</> 4 + oui dz + . n r+Q l r dv) ( d<f) j + uidz+ . n^"!,, rdv) + cl dz 2 

( r\ + a 2 ) 2 J \ p (r^_ + a 2 ) 2 



where 



J = -Ji*^ , (2.24) 
p rl + a 2 



and F + is defined in (2.16). In this case, the metric on the horizon is 

-f ab dx a dx b = 7 WW d/fdfi j + 7^ (d(f) 1 + uj p dz) (dcj) j + ail dz) + dz 2 (2.25) 

n 

= r 2 da 2 + ^2 ( r + + a i ) °^ 2 + A*f (^0* + <^g dz) ' 



rt 



+ — aj /i 2 aj fi 2 (d(f) % + u;^ dz) {defy' + uj^ dz) + dz^ 



The coordinate ranges for the and l are the same as that for the MP black hole i.e., fa 
are 27r-periodic, < /i, < 1, and — 1 < a < 1. We denote the period of z by 2n£. The 
full near-horizon geometry (2.23) is cohomogeniety-n and has SO(2, 1) x U(l) n+l isometry. 
Spatial sections of the horizon have topology S 1 x S 2n and the metric on the horizon (2.25) 
describes a cohomogenity-n metric on S 1 x S 2n . 

As in the black hole case discussed previously, the near-horizon of the extremal MP 
black string simplifies considerably in the case where all angular momenta parameters a\ are 
taken to be equal. The full black string solution then becomes cohomogeneity-2 and the 
corresponding near- horizon geometry is cohomogeneity-1. The near-horizon geometry of the 
extremal MP string in D = 2n + 3 dimensions with Oj = a V i is 



ds2 = m (J^fil s & + 2 dvir ) + 2 " ° 2 ^ " & 

2ncp \ 2 a 2 ncp J 2n — 1 2n — 1 



2 

n-l 



An 2 a 2 sin 2 9 / . sp(2n-l)dz (2n - I) 3 / 2 \ 2 2 J 2 fn . 

+ To TTTTm (d<P + A + ^- —+ \ 2 J rdv) + c 2 dz 2 ,2.26 

(2n — 1) j n [V) \ 2na 2n z a 2 cp J H 

where we follow the notation used in (2.19). The near-horizon geometry in this special 
case has SO(2, 1) x U(l) 2 x SU(ri) symmetry and spatial cross sections of the horizon have 
topology S 1 x S 2 ™ and are equipped with a cohomogeneity-1 metric on S 1 x S 2n . The n = 1 
case corresponds to the Kerr string discussed in [42]. 



2.4 What physical data can be extracted from a near-horizon geometry? 

In this section we will clarify which quantities can be expected to be calculable from the 
near-horizon geometry alone, without any knowledge of the full black hole solution. Apart 
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from being of intrinsic interest our analysis should also clarify aspects related to the entropy 
function formalism [58] and the attractor mechanism - see [40] for a review and [53, 54] for 
earlier discussions on obtaining conserved charges from the near-horizon. 

One quantity which can be obviously computed from the near-horizon geometry alone is 
the area of spatial sections of the horizon Ah = j n yfj- However, this is only meaningful if 
it is expressed as a function of the physical charges of the black hole. 

We will restrict our discussion to vacuum asymptotically flat black holes in D spacetime 
dimensions, possessing U(l) n+l spatial isometry with generators (so i = 1, • • • , n + 1) 
where the angles fa are chosen to have period 2tt. These generators are orthogonal at 
asymptotic infinity. 

While it is easy to calculate the near-horizon geometry of a known solution, as was done 
for the MP black holes and black strings in § 2.3.1 and § 2.3.2 respectively, our goal is to try 
to use near-horizon geometries to learn about new solutions which are yet to be constructed. 
In particular, we would like to know whether (2.23) is isometric to the near-horizon geometry 
of an asymptotically flat black ring in D = 2n + 3 dimensions. We will find that the Komar 
integrals evaluated on the horizon capture some of the basic physical parameters, but not all. 
Specifically, determining the mass needs some additional data not present in the near-horizon 
geometry. The basic issue is that the near-horizon limit loses the information regarding the 
asymptotic stationary Killing field and this prevents one from directly calculating the mass. 



Angular momenta: Let us first investigate how the angular momenta can be calculated 
from the near-horizon geometry. The angular momentum of the black hole can be calculated 
from the Komar integrals 

Ji = T^W) ! * dm > ■ (2-27) 

where m; denotes the metric dual one form to -J^. The integral is taken over 7i r which is 
the compact co-dimension two manifold defined in a neighbourhood of the horizon by the 
Gaussian null coordinates v =constant and r = constant with r > (so Ho = Tt). Usually 
the Komar integral is taken over the sphere at infinity S^ -2 ; the difference is an integral 
over a manifold whose boundary is the union of the two compact manifolds which vanishes 
if R^y = (i.e., for vacuum solutions). 

Now let us work in Gaussian null coordinates, (2.1), prior to taking the near-horizon 
limit (thus all quantities depend on r). It is useful to work in a non-coordinate basis, with 
the vielbeins (e + ,e~,e A ) such that g^ v dx^dx u = 2e + e~ + e A e A , defined by 

e + = dv, e~ = —r f(r,x) dv + dr + r h a (r,x) dx a , e A = e A . (2.28) 

Here e A are a set of vielbeins for the metric on 7i r so 7 a b(r, x) dx a dx b = 5ab & A & B ■ In this 
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basis 

mi = r hi(r, x) e + + (m*) B e B (2.29) 
where hi = haip^Y- Therefore, 

* drrii \ v , r=const = [hi(x) + O (r)] e 1 A e 2 • ■ ■ A e D " 2 (2.30) 
where as before /^(x) = hi(0, x). Thus for small r > 



J * = ~ md) / v/7 (^(x) + O (r)) = / ^| r=0 ht(x) +0{r) , (2.31) 



167rG^ Jn r WttG^' Jh 

and hence we must have 

Jt= ^L^ Hx) ' (2 - 32) 

where 7 mn and /ij are the metric / y m , n {i r ,x) and the vector hi(r,x) evaluated at r = 0, which 
coincide with the corresponding quantities appearing in the near-horizon limit metric (2.3). 

Thus one can indeed calculate the angular momenta Jj from the near-horizon metric (2.3) 
alone. Note that this is not a priori guaranteed - one could have had contributions from 
terms like (d r hi) | , which are inaccessible from the near-horizon data alone. We find it 
convenient to recast this formula into the coordinates introduced in (2.5): 



Ji 



f v^T- 1 ^. (2.33) 

167T G N JH 



There is however an important caveat in the determination of the angular momenta. 
In general, from the near-horizon geometry alone, it is not possible to know which Killing 
fields on the horizon correspond to the generators -£p chosen to be orthogonal at asymptotic 
infinity. One can evade this problem for spherical topology black holes since the Killing fields 
will have the same number of fixed points on the horizon as at infinity and thus a natural 
identification exists. However, for ring-like topology there is not a unique way of identifying 
the generator of the S 1 . 



Mass: Let us now consider the Komar integral associated to the Killing vector It 
turns out to be more illuminating to do this for a general black hole (2.1) (not necessarily 
extremal). Let V be the one form whose metric dual is so 

V = r f(r,x) e + + dr + r h A (r,x) e A (2.34) 

and thus 

MO L, r=const = Cf (0, x) + O (r)) e 1 A e 2 • ■ ■ A e D ~ 2 . (2.35) 

Hence employing the argument outlined above for computing the angular momenta, we 
obtain: 



1(3 



For an extremal black hole we immediately learn that Q v = 0, as the extremality condition 

a_ 

dv 



[k = 0, see (2.2)) forces /(0, x) = 0. The Killing vector is co-rotating and can be written 



as 

d d d 

« + (2 - 37) 

where 4: is the stationary Killing field (asymptotically timelike). Therefore 



M = ( ^—^ ) Qi Ji (2.38) 



at 

M — ( 

where we define the mass M through the usual Komar integral associated with the stationary 
Killing field g. The near-horizon geometry has no knowledge of the Killing field and hence 
there is no way of inferring the mass from the near-horizon data alone. Put differently, 
one can evaluate Ji as argued above from near-horizon data. However, to complete the 
determination of the mass we need to know the angular velocities which are measured 
relative to a stationary observer at infinity. This is the data one is missing from the near- 
horizon geometry. 

As an aside, for a non-extremal black hole note the above provides an efficient proof 
of the Smarr relation [59] (see also [60]), illustrating the advantage of using Gaussian null 
coordinates. The integral for Q v can be evaluated simply in terms of the surface gravity 
(2.2). Since this is constant over the horizon we have 

where An = j H is the area of the horizon. Using this we can write 

for any vacuum asymptotically flat spacetime with a regular event horizon, as is well known. 

Finally, we remark that the existence of a near-horizon geometry does not necessarily 
imply that there exists an extremal black hole solution with such a near-horizon geometry 
and prescribed asymptotics (e.g., asymptotically flat or AdS). For example, one would not 
expect the near-horizon geometry of an extremal boosted Kerr string to correspond to the 
near-horizon geometry of an asymptotically flat black ring for generic boost values. This 
is because we know from [42] that the known vacuum extremal black ring in 5d [9] has a 
near-horizon geometry isometric to the boosted Kerr-string with a particular value of boost 
parameter. Further, one might expect that this known vacuum extremal black ring solution 
is the most general solution with two rotational isometries in five dimensions cf.., [61]. It 
would be interesting to understand more generally what obstructions can occur when one 
tries to integrate out from the horizon and match to a solution with prescribed asymptotics. 17 



17 This is important to understand the constraints on the entropy function formalism [58, 40], where one 
works exclusively with the near-horizon geometry. 
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3 Extremal MP black holes 



In this section we will consider the physical quantities of extremal MP black holes in various 
dimensions. We discuss the extremal locus for these solutions in terms of dimensionless 
parameters and the phase diagram for these solutions. A curious fact we observe is that 
in dimensions D > 6 it is possible to stay on the extremal locus while sending the angular 
momenta in certain planes to infinity. We show that it is therefore possible to obtain highly 
distorted extremal black hole horizons with spherical topology. Some of the results we obtain 
for the MP black holes will be useful for comparison with the conjectured black ring solution 
we propose in § 6. Some of these results have been previously discussed in [62, 15]. 



3.1 Parameterization of MP black holes 



The physical quantities of interest viz., the mass, the angular momenta and velocities and the 
area can be expressed in terms of the parameters dj appearing in the MP solution (A.l) and 
(A. 2). However, it is convenient to write the formulae in terms of r+ (which is determined 
in terms of czj for extremal solutions) to keep the expressions compact. We have 



Odd dimensional MP (D = 2n + 3) 

A 2 n+l 



M 



16tt G 



(D) 
N 



(2n+l)fi D 



Even dimensional MP (d = 2n + 2) 

A 2n 



ri + a? 



.4 



2n+l 



8nG 



N 



_ n(r+) 

— 2 



M-- 

n< = 
J t = 

An 

= 



167rG 



(2n) fj, d 



a? 



.4 



2d 



(3.1; 



8nG 



(d) 



a>i Hd 



~- A 2n fi d r -\ 

n(r^) 



Note that the function U(r) is given in (2.13) (with the replacement n — > n + 1 in the first 
column). Here A v denotes the area of an unit S p , i.e. A p = 27T 2 /r(|). In writing (3.1) 
we have separated the quantities that need information about the asymptotic geometry (M 
and Qi) from those that can be determined from the near-horizon alone (Jj and .Ah)- 

To discuss the physical behaviour of the solutions as a function of the parameters, it is 
useful to define dimensionless variables. We find it convenient to define reduced area and 
angular momenta by fixing the mass of the solution as in [19]. These are defined by the 
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following expressions in D spacetime dimensions: 



a H 



Ji 



A 



D-2 



1 

2 



.4 



D-2 




(3.2) 



167TG 



The normalizations have been chosen such that the D-dimensional Schwarzschild black hole 
has unit reduced area an- For the reduced angular momenta we have chosen conventions that 
are natural generalizations of the definitions used in five dimensions. 18 Using the explicit 
expressions for the physical parameters it is easy to check that 



Odd dimensional MP (D = 2n + 3) 

Ji 



D 



l 

'In 



Even dimensional MP (d = 2n + 2) 

a-i 

Ji 



a H 



(/' 



D 



i 

2)1 



a H 



(3.3) 



3.2 The extremal locus 



We now turn to the implications of extremality for MP black holes in various dimensions. To 
begin with, recall that in four dimensions the extremal Kerr black hole is given by a single 
point in the reduced parameter space j = 1 (recall that we fix the total mass). The situation 
in five dimensions is already more interesting as we have a "moduli space" of solutions; the 
extremality condition can be written as 

0.1 + a 2 = ^JJIi ji + j 2 = 1 . (3.4) 

We therefore see that there is a one parameter family of solutions (labeled by say ji) which 
takes values in a finite domain, j\ e (0, 1). 

In D > 5 there is also a non-trivial moduli space of solutions, albeit with one interesting 
feature - these moduli spaces are non-compact. This arises because it is possible to attain 
extremality whilst sending some of the angular momenta to infinity. To understand this 
behaviour it is useful to characterize the extremal locus explicitly. 

To understand the general picture in odd dimensions, realize that the equations (2.12) 
and (2.14) are symmetric in the a, with both r + and <2j having length dimension one. is 

18 While it is physical to measure the area with respect to a Schwarzschild black hole of the same mass, 
the normalization for the angular momenta are not uniquely characterized. Our choice differs from the 
normalization chosen in [19], where the authors found it convenient to keep the formulae for black rings 
simple; we have simple expressions for MP black holes (3.3). 
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therefore of scaling dimension 2n. The simplest way to get the extremal locus is to eliminate 
r + between the two equations (2.12) and (2.14); this will give 



= £d(oi, • • • ,a>n+i) , with £d(^cli, • • • , A a n+1 ) = X 2n £ D (a>i, ■ ■ ■ , a n+1 ) (3.5) 
Likewise one can carry out the exercise for even spacetime dimensions where we get 

/id = £d(ai, ■ ■ ■ ,a n ) , with £ d (\ a ly ■ ■ ■ , A a n ) = A 2n_1 £ d (ai, ■ ■ ■ , a n ) (3.6) 



Using the above homogeneity property together with the definitions of the reduced param- 
eters it is easy to see that the extremal locus can be expressed as a function of the reduced 
angular momenta alone 

£ p (ji,---3n) = l , pe{d,D}. (3.7) 

The precise expression is not that easy to determine in general, but it easy to get explicit 
formulae for low lying dimensions. We already know from (3.4) that 



£5(31,32) = (ji+32) 2 ■ 
Similarly, one can check that in six dimensions 



(3i 



£6(31,32) 



1 2 



3 V 3 

while the seven dimensional MP black holes give 



3i - 3l + \ 3l + J 2 4 + 14 3i 3l 2 3 { + 2 $ + J j* + ft + 14 ff % 



(3.9) 



£7(31,32,3%) 



Uli (r\+3f) 



fl 



i=l 



\ 



i=i 



<j=2 



(3.10) 



To check the assertion that the moduli spaces of extremal MP are non-compact in higher 
dimensions it suffices to examine the behaviour of £ p as the j\ get large. In six dimensions 
it is easy to check that j\ 3> 1 implies £10(31,32) ~ 2jij| which gives non-trivial solutions 
to (3.7). The extremal loci are illustrated in the Fig. 1, Fig. 2, and Fig. 3, for six, seven and 
eight dimensional MP black holes respectively. The plots of the extremal MP phase space as 
a function of the jjS have been described before in the literature: Fig. 1 (Left) has previously 
appeared in [62, 15] while Fig. 2 and Fig. 3 (Left) were first presented in [15]. In all cases 
the non-compactness of the moduli space is clearly visible. 

A special case of interest for comparison to extremal black rings in § 6 is the odd dimen- 
sional MP black holes with all but one angular momenta equal. In this case it is easy to 
show that (as before we take dj = a 2 for i = 2, • • • , n + 1) 



n — \ 2 1 
■— — a x + — ai 
In 2n 



n — l) 2 af + Anal 



(3.11) 
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Fig. 1: The phase space of extremal six dimensional MP black holes. Left: The extremal locus in the 
(ji) 32) plane. Right: The area as a function of j\\ note that the maximum area configuration 
is the symmetric one, j\ = 32- 





Fig. 2: The phase space of extremal seven dimensional MP black holes. Left: The extremal locus 
as a function of the reduced angular momenta variables {31,32,33)- Here the allowed region 
is non-compact, with the arms of the fan extending off to infinity. Also note that as one of 
the ji, say j\ gets large, one the surface projected onto the {32,33) plane starts to resemble 
a rescaled version of the five dimensional MP extremal locus, see Fig. 5. Right: The phase 
plot CLHijiifa)- Note that the maximum occurs at the symmetric point j\ = j'2 = j'3 and the 
limiting behaviour of the surface at large values of ji coincides with that of the five dimensional 
MP curve, see Fig. 5 



which leads to 
Mil, J2) 



2 n j\ - (n - 1) ]\ + ji y/(n- l) 2 jf + An J\ 



In 



n-l 



X 



2 nj| + {n 2 + 1) j\ + (n + 1) ji ^{n - I) 2 j\ + Anji 



In 



(3.12) 
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Fig. 3: The phase space of extremal eight dimensional MP black holes. Left: The extremal locus 
as a function of the reduced angular momenta variables {j\,ji^3z)- Right: The phase 
plot a#(ii, j'2). The maximum occurs at the symmetric point j± = ji = j% and the limiting 
behaviour of the surface at large values of one of the ji coincides with that of the six dimensional 
MP curve. We can also take two angular momenta large in which case the solution behaves 
like a four dimensional Kerr black hole. 

Even in this case the moduli space is non-compact; as j'2 ~~ > one has 



A ^(^^L. (3,3) 

Finally, there is another special case of interest; as is clear from the plots Fig. 1, Fig. 2, 
and Fig. 3, the area for the MP black holes has a distinct maximum - this occurs when all 
the angular momenta are equal. Physically this is because the MP black hole is fattest at 
this point, by virtue of being uniformly distorted in all planes. Setting all the o, = a we 
have from (2.14) and (3.1) 

Odd dimensional MP (D = 2n + 3) Even dimensional MP (d — 2n + 2) 

a a 



n ^2n — 1 

„ (n + 1)" +1 o n n (2n)» 2ra _ x (3.14) 

n n ™ (2n-l) n ~3 

n \J1n — \ 



(n + l)^r (2n) 2 "-i 
where we have named the reduced angular momentum at this symmetric point j sy m- 



3.3 Membrane limits of MP black holes 



The fact that the extremal MP black holes in D > 5 have a non-compact parameter space, 
allows us to consider interesting limiting behaviour of the solutions. In particular, following 
the discussion of [63], we can take some of the angular momentum variables to infinity and 
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Fig. 4: The extremal loci of MP black holes illustrating the membrane limit. Left: The behaviour 
for 7d MP; the curves correspond to increasing values of j'3 moving from right to left. As 
j'3 gets large the extremal locus degenerates into a straight line as for the 5d MP, cf., (3.8) 
and Fig. 5. Right: Eight dimensional MP where again we plot the curves are for different 
j3 values (increasing from right to left) - compare the limiting behaviour with the 6d MP 
extremal locus, Fig. 1. 



obtain an extremally spinning black brane. It is actually easy to see that this can be done 
at the level of the near-horizon geometry (2.15). Consider the following limit for the 2n + 1 
and 2n + 2 dimensional extremal MP 

a>j -> 00 , j = 1, ■■• ,p (3.15) 

with cifc (for k = p + 1, • • • , n), r+, and define 

A = rip 1 2 ' a i = a i N ' 3 = ' ' ' >P ( 3 - 16 ) 
1 Lj=i a j 

which are all kept fixed. In this limit one can show: 

3-2 5^*^, with n W = ft M), (3,7) 

n(r+) n(r+) n(r+) U(r+) k i p L +1 

and r + now satisfies (2.12) and (2.14) with TJ(r) — > II(r). 

After taking this limit the near-horizon geometry of the MP metric becomes 



ds 2 = F + ( ; + r 2 dv 2 + 2cZt>dr J + ^ 7 MfcW d/i fc d/i/ (3.18) 



fc,/=p+l 

where 



7h = (» + + a*) A 4 * <*m + i ^ (3.19) 
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and 

n 2 2 

i? i \^ a kt L k 



and 



rl + al 
k= P +i + fe 



fc,Z=p+l fc=p+l 

n n 

X 7 MfcW d/x fc dm = r\ da 2 + ^ (rj. + a£) d/z 2 , 
k,i=p+i k=p+i 



(3.20) 



(3.21) 



in odd and even dimensions respectively. Note that Ylk=p+i (J% = 1 and a 2 + ^)L p+1 A 4 ! = 1 
in odd and even dimensions respectively. Therefore, in the odd dimensional case we are left 
with exactly the near-horizon geometry of a 2n + 1 — 2p dimensional extremal MP times R 2p , 
and in the even dimensional case we are left with the near-horizon geometry of 2n + 2 — 2p 
dimensional MP times R 2p . 

Therefore, we can reduce the even dimensional solution to a four dimensional extreme 
Kerr membrane (p = n—1) and the odd dimensional case to a five dimensional MP membrane 
(p = n — 2). This implies that in even dimensions one can take all but one of the angular 
momenta to infinity, while in odd dimensions we need to keep two of the angular momenta 
finite as we take the rest to infinity. This feature is clearly visible in Fig. 4 where we show 
the projection of the extremal locus of MP black holes in 7d and 8d to the (ji, j 2 ) plane at 
different values of j^; the extremal locus degenerates in the limit to that of 5d and 6d MP 
black holes, respectively. 



4 Extremal MP black strings 

One of the main motivations behind our exploration of higher dimensional vacuum extremal 
black holes is to learn about putative black ring solutions. Before discussing the ring config- 
urations we analyze some properties of boosted MP black strings in D = 2n + 3 dimensions. 
This will be of use later, since one expects multiply spinning thin black rings to look like 
MP black strings. 

The MP black string metrics in D = 2n + 3 dimensions are constructed by taking a 
d = 2n + 2 dimensional MP black hole (A. 2), adding a line with coordinate z and boosting 
(t, z) — > (cosh f3t — sinh /3z, — sinh fit + cosh fiz). As before we will denote s@ = sinh fj and 
cp = cosh (3. In the MP string metric we take z to be a compact coordinate on an S 1 with 
radius i so z ~ z + 2ir £, and therefore the spacetime is asymptotically R^ -1 ' 1 x S 1 . The 
resulting MP black string metric is parameterised by (fid, ca, P, where % = l,---n and 
(fid, ct>i) are the MP black hole parameters in d = 2n + 2 dimensions. Note that extremality 
is achieved by taking fi d = £d( a i, • • ■ ,fln) as in (3.6). The explicit metric is given in the 
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Appendix in Boyer-Lindquist coordinates, see (A. 4). These MP black strings have a regular 
horizon at r = r + (inherited from that of the d dimensional MP black hole) whose spatial 
sections have topology S 1 x S 2n . 

Recall that one can extend the ADM construction of the stress-energy tensor in asymp- 
totically flat spacetimes containing point-like sources, to spacetimes with p-branes. Now, 
consider p-dimensional extended sources in linearized gravity assuming that the brane direc- 
tions are translationally invariant. The stress-tensor for the p-brane world- volume is then 
[64] 

T ab = ^ / dtt D - p - 2 r D ~ p ~ 2 C [Vab {d t h\ + dih^ - djtfi) - dih ab \ , (4.1) 

\QixG K N ' Js D ~p- 2 

where a, b = 0, . . . ,p denote the worldvolume directions, i, j = 1, . . . , D — p — 1 denote the 
transverse directions to the brane, and is the unit normal to the transverse (D — p — 2)- 
sphere. One should note that h^ u = — r/^ is not gauge invariant, and in the expression 
above we have to use Cartesian coordinates. For the boosted MP black strings in D = 2n+3, 
the components of the ADM stress-tensor are given by 

T « = — %5T A*d [(2" - 1)4 + 1] , (4.2a) 

T tz = — 2 " Hd (2n - l)cpsp , (4.2b) 

T zz = —^rm A*d [(2n - 1)4 - l] - (4.2c) 
16iiG N 

The mass and the momentum along the string can be computed by integrating the energy 
and momentum densities 19 

M'= dzT tt = 2Tr£T a , (4.3a) 

i-2-kI 

P'= / dzT tz = 2ir£T tz . (4.3b) 
Jo 

Defining an angular coordinate ip' as ip' = | , so that i]}' ~ i{/ + 2tt, the "angular momentum" 
carried by the string along the ip' direction is simply given by 

j; = £p\ (4.4) 

Of course, in addition to this "angular momentum" the string also carries angular momenta 
in each R 2 C R^" 1 ' 1 which are parameterized by the aj. These can be calculated using the 
standard Komar integrals near the horizon (i.e., using (2.27)) and can be shown to agree 
with the values for the d-dimensional MP black hole. 



19 We will label all string quantities by "primed" and reserve the un-primed symbols for the corresponding 
black ring quantities. 
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Given this data we can write down the physical parameters, in terms of those of the MP 
black hole in d = 2n + 2 dimensions (oj and Hd) and the period of the compact circle £: 20 

J 'i = ~(Dj C ? ^ d ' 4 = TT^y ( 2n - X ) S /3 C /3 ^ , ^ 

= 27TC / 3y4 2 „,£r + jt/ d . 



Note that these charges satisfy a Smarr-like relation (c/., [65, 66, 67] for discussions of first 
law and Smarr relation for black branes) : 

^M' = n>J> + %4- J ^27rl (4.6) 

and first law 

dW = Q[ dJ[ + % dJ'^ - T zz d{2n l) . (4.7) 

Notice that both the first law and the Smarr relation incorporate explicit contributions 
coming from T zz which is the effective pressure or tension of the string. Also note that when 
T zz = the Smarr relation and first law look like those for asymptotically flat black holes, 
provided one identifies the mass, etc.. 



5 Extremal black rings in five dimensions 

To set the stage for our analysis of extremal black rings we begin by recalling the situation in 
five dimensions where exact solutions are known. 21 The original 2-parameter singly spinning 
black ring solution [2] does not admit an extremal limit. However, its multiply spinning 3- 
parameter generalization [9] does (both solutions are balanced configurations) . Thus, in five 
dimensional vacuum gravity an exact solution representing an asymptotically flat extremal 
black ring is known. It is uniquely parameterized by its two angular momenta which must 
lie in the range J\ > 3 J<i > where J± is the angular momentum along which the S 1 of the 
ring is aligned and J2 is the angular momentum along the transverse S 2 . 

Since this solution is extremal it admits a near- horizon limit. In [42] it was shown that the 
resulting near-horizon geometry of the extremal black ring solution simplifies dramatically 
and it is given by a special case of the near-horizon geometry of the boosted Kerr-string. 

20 Notc that we present the momentum and boost along the string in terms of quantities adapted to 
rotational isometries rather than translational isometries for future use. 

21 See also the recent discussion of five dimensional extremal rings in [14, 47]. 
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The near-horizon geometry of the extremal boosted Kerr-string is 



ds 2 = 1 + C( f? ( -r 2 dv 2 + 2 dvdr)+ a 2 (1 + cos 2 9) d9 2 

2 cosh p \ 2a 2 cosh p J 

4a 2 sin 2 9 ( , ,. £sinh/3 , ,. rdv \ 2 „ 9 ,i niir > ,^ -\ 

where /3 is the boost parameter, a is the Kerr parameter, £ is the string radius and ip' and 0' 
are 2tt periodic (</>' is the azimuthal angle of Kerr). This geometry is regular for any a > 
and I > 0. From the results of [42] it can be seen that the extremal black ring near- horizon 
geometry is given by (5.1) with the following constraints on the parameters: 

e 

sinh 2 /3 = l, ->4. (5.2) 

a 

The bounds on the parameter - can be better understood as follows. Noting that is 
a monotonically decreasing function for < A < 2 which ranges over the interval (oo,4), we 
can uniquely parameterize £/a by 

i = ( 2 + A ) 2 , for < A < 2. (5.3) 
a 2 A 

This choice of parameterization is such that A defined in (5.3) is the same A with which the 
black ring solution is written in [9]. Further, (</>', if;') are related to (<p,ip) of the extremal 
ring (defined as being orthogonal at infinity, with ip aligned along the S 1 of the ring 22 ) by: 

<J)' = <J) + iJ, ^' = ip, (5.4) 
dtf, = dp, d^j = + dp . (5.5) 



Given the near-horizon geometry of the boosted Kerr-string (5.1), the interpretation 
of the constraints on the parameters (5.2) is not apparent, as regularity of the geometry 
does not require them. However, they can be simply explained as follows. The value of 
the boost parameter actually corresponds to exactly the value which makes the Kerr-string 
tensionless. As a consequence, from the generalized Smarr relation (4.6) and first law for 
strings (4.7), such solutions obey the standard Smarr relation and first law for asymptotically 
flat black holes (upon identifying the mass etc.). Thus the tensionless condition for a string 
seems to be a necessary condition for its near-horizon geometry to correspond to that of an 
asymptotically flat black hole. The second constraint on the parameters £/a > 4 can be 
written in terms of the radius of the S 1 and S 2 as follows [47]: R\ = £\/2 and R2 = a\[2 
and therefore R1/R2 > 4. This tells us that for a ring, in contrast to a string, one cannot 
take arbitrary values for the radii of the S 1 and S 2 . There is yet another way of viewing this 

22 We use conventional ring coordinates where tp refers to the angle in the plane of the ring in contrast to 
the choice made by [9]. 
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constraint on the parameters. The angular momenta for the extremal ring can be written in 
terms of the Kerr-string parameters: 



J ^ = T^T (£ + 2a) ' J * = ~7^ ai (5 - 6) 

Gjy 



leading to 



Therefore the constraint on the parameters (£, a) is exactly equivalent to the lower bound of 
Jy, of the ring. This provides a simple interpretation for the bounds on these parameters, as 
a black ring in asymptotically flat space needs a non-zero angular momentum along the ring 
to support it from collapsing. This is in contrast to a black string which may have arbitrarily 
small momentum along the string direction. 

Thus, we have shown how the restriction on the parameters (5.2) of the near-horizon 
geometry both originate from properties of asymptotically flat black holes. However, we do 
not have a good understanding of the origin of the coordinate change (5.4) (although see 
§ 6.3). Note that this necessarily must contain information regarding how one can match 
the near-horizon geometry to flat space at asymptopia. 

Although certain physical properties can be computed from the near-horizon geometry 
alone, as argued earlier, quantities like the mass cannot in general. However, here we note 
that all the physical quantities of the extremal black ring are identical to those of the corre- 
sponding Kerr-string once (5.4) is taken into account (i.e., they do not receive £~ l corrections 
to all orders). Explicitly, the mass and angular velocities of the extremal black ring written 
in terms of the string parameters are: 

M=^-a£, 0* = -^, ^ = — ■= (5.8) 

V2£ * 2V2a V2£ 

In fact the mass M, J^, do not actually depend on the coordinate change (5.4). The 
fact that the angular momenta match is not a surprise, since as we argued earlier these 
can be computed from the near-horizon data once one knows how to identify the angles. 
However, from this point of view, it is not clear why the mass and angular velocities should 
also coincide (of course it suffices to explain why the angular velocities match as then the 
mass follows from the Smarr relation). 

The physical parameters of this solution are best expressed in terms of reduced quantities 



/ 27 -Ah . / 27 7T 

{l 256 vr (G W M) 3/2 ' " \/ 32 G g) ^ 

which are used to plot the extremal locus of the solutions in Fig. 5. These plots have been 
described previously in [14] (Right figure for the area) and [15] (Left figure for the moduli 
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Fig. 5: Phase diagram for extremal MP black holes and doubly spinning black rings in D = 5. The 
gray curve corresponds to the MP black hole and the black one to the black ring. Left: 
Plot of the vs. v, curve, where is the S 2 angular momentum. Note that the point of 
intersection of the black ring and the black hole is excluded by the bounds on the angular 
momenta for the ring. Right: Plot of the an vs. curve. 

space of solutions in five dimensions). We have a simple analytic expression for the extremal 
locus using (5.6), (5.8) and (5.9): 

£i R (3*,U) = 8 ^ Un> ~ U) = 1 • (5-10) 

Another interesting aspect of the five dimensional extremal solutions is uniqueness [14]. 
As is well known the neutral singly spinning black ring solutions lead to a discrete non- 
uniqueness; in a small window of the angular momentum (more precisely, y§| < jip < 1) 
there are three solutions (two black rings and a MP black hole) with the same conserved 
charges. When we examine stationary extremal black holes in five dimensions with two 
rotational Killing fields, we find that uniqueness is restored. The situation is described in 
Fig. 5; on the Left plot the black ring curve comes arbitrarily close to the MP curve but 
does not intersect. The strict inequality > 3 for doubly spinning extremal black 
rings excludes this intersection point. A-priori there is no reason why this should happen 23 , 
however, this observation will prove useful in our attempt to uncover properties of higher 
dimensional extremal black ring geometries. 

Therefore, to summarize, it appears that the extremal black ring solution is related to 
the extremal boosted Kerr-string solution in two logically distinct ways: the first coming 
from the equivalence of the near-horizon geometries as explained above, and the second 
coming from the fact that they have the same asymptotic charges (in the sense that the ring 
quantities receive no corrections in i~ x relative to the string's to all orders). 

23 We note that a similar phenomenon occurs for supersymmetric black rings which must have J^, > 
and the topologically spherical BMPV which has J^ = J$. 
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6 Extremal Black rings in higher dimensions 

Having explored the space of known vacuum extremal solutions in diverse dimensions, we 
now turn to (yet to be found) black ring geometries in spacetime dimensions greater than five. 
Since exact vacuum solutions representing such objects are not known, our entire discussion 
will be based on the assumption that such solutions actually exist. Nonetheless, based upon 
the results presented previously, we will argue that one can still determine some important 
physical properties of such solutions. 

6.1 Extremal black rings as black strings 

To begin with it is useful to develop an intuitive picture for black rings in higher dimensions. 
As demonstrated in [19] very thin black rings can be modeled as a bent black strings; this 
analysis was for black rings spinning only in the plane of the ring carrying no intrinsic 
angular momentum in the transverse directions. We expect that this class of solutions does 
not incorporate extremal black rings; this is because there are no known regular extremal 
vacuum solutions with vanishing angular momenta in any single plane. So we will concentrate 
exclusively on rings which spin in every available two plane. This is different from the analysis 
of [19]; nevertheless, very thin extremal rings can be thought of as multiply spinning black 
strings. 

Moreover, for extremal solutions we have access to another well defined limit in which we 
expect black rings to look like black strings: the near-horizon limit. 24 After taking the near- 
horizon limit, we expect that the curvature of the ring disappears and is that of a straight 
string 25 . This suggests that the near-horizon geometry of an extremal black ring is that of 
an extremal black string. Indeed this is exactly the case in five dimensions: the near-horizon 
geometry of the extremal black ring is isometric to that of a boosted Kerr black string [42]. 
However, we will see this picture is only useful for odd dimensional black rings in D = 2n + 3 
for n > 1. 

As we move away from the near- horizon geometry, we do need to bend the S 1 of the 
string to ensure that we have an asymptotically flat solution. This will not be possible for 
a generic boosted string. The reason is the tension carried by the string, determined by the 
T zz component of the effective stress tensor (4.2c) . If we attempt to bend a tensile string 
we need to add energy-momentum into the system, taking us away from vacuum solutions. 
To ensure that we are able to wind the string into a ring, we demand that the string be 

24 This limit can be taken in a regime in which the gravitational self- interaction of the ring is strong i.e., 
not just for very thin rings. 

25 This is because to move to co- rotating coordinates one needs to shift ijj — > i/j — fl^v and to take the 
near-horizon limit v gets rescalcd by a factor which is sent to oo. Therefore this is like scaling the original 
ip by a factor which tends to oo. 
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tensionless. Using (4.2c) this leads to the condition 



T zz = =s> sinh/? = ^===. (6.1) 

\/2n — 1 

Note that this the same as the condition derived in [19] for the balance of singly spin- 
ning rings. The difference between our analysis and theirs is that they consider boosted 
Schwarzschild strings while we are interested in boosted extremal MP strings. While the 
two solutions are physically different, the leading contribution to the tension only arises 
from the mass of the solution and not the angular momentum, so the balance condition is 
unchanged. 

We now describe some general expectations for extremal black ring solutions, and will 
then go on to describe the two limits mentioned above more precisely. 



Symmetries: In D > 5 we expect asymptotically flat black ring solutions to occur with 
conserved charges M, Ji with i = 1, • ■ -n + 1 where n = [(D — l)/2] — 1, and symmetry 
Rx U(l) n+1 . Such solutions are presumably not always uniquely specified by their conserved 
charges. Consider the subset of this family of solutions with zero surface gravity. We expect 
such solutions to possess all Ji non-zero (which is true for all known vacuum extremal black 
holes) and further to be uniquely parameterized by these conserved charges, as is the case 
in five dimensions [14]. Let Jj, for i = 2, • ■ ■ , n + 1, be the angular momenta in the direction 
of the transverse sphere S D ~ 3 of the ring and J^ = J\ be the angular momentum along 
the S 1 of the ring (orthogonal to S D ~ 3 at infinity). The full solution will be generically 
cohomogeneity D — (n + 2). However, if Jj = J for % — 2, • • • , n + 1 we expect the solution 
to be cohomogeneity-2 in odd dimensions with rotational symmetry SU(n) x U(l) 2 (such 
a symmetry enhancement occurs for all known solutions when one sets all but one angular 
momenta equal). 

As mentioned above there are two distinct limits in which we expect these geometries 
to simplify, namely the infinite radius limit and the near-horizon limit which we will now 
turn to. The first applies to both non-extremal and extremal black rings in any dimensions, 
while the second holds only for extremal black rings in odd dimensions. 



Infinite radius limit: Let R\ be the radius of the S 1 of the ring 26 and R2 be the effective 
radius of the S D_3 defined by its area. In the limit — > 00, we expect the geometry of the 
black ring to be given by that of a tensionless boosted MP black string, as is true for all known 
examples. 27 Hence in the thin ring limit (R\ ^> R2), the geometry of the black ring is well 
approximated by that of a straight MP black string with 0(R2/Ri) corrections. This fact 

26 Sincc in general this can vary over the transverse sphere we will measure this at the poles of this sphere. 
27 This was first observed for charged black rings [68] and more recently [19] has a detailed discussion of 
this issue. 
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was recently exploited in [19], where approximate solutions describing thin, singly spinning 
black rings for D > 5 were obtained, by considering perturbations of Schwarzschild black 
strings. An important result obtained from this analysis was that approximate solutions 
could only be found provided that the strings were tensionless, i.e., T zz = 0, (6.1), which 
agrees with the physical picture developed above. Note that the tensionless condition does 
not receive correction to order R 2 /R\ and therefore is valid not only in the strict infinite 
radius limit, but also for large but finite R1/R2. 

Near- horizon limit: Now consider the near-horizon limit of such extremal black rings. 
This will lead to near-horizon geometries specified by n + 1 parameters and with spatial 
sections of the horizon of topology S 1 x S D_3 . When Ji = J (for i — 2, ■ ■ ■ n + 1), in odd 
dimensions, we expect the near-horizon geometry to be cohomogeneity-1 with rotational 
symmetry enhanced to SU(n) x U(l) 2 . From the theorem we proved in § 2.2 this implies 
that the near- horizon geometry should have 5*0(2, 1) symmetry. We expect such a symmetry 
enhancement in the generic higher cohomogeneity case. Therefore the extremal black ring 
near-horizon geometries should have SO(2, 1) x U(l) n+1 symmetry. 

Examples of near-horizon geometries satisfying such conditions are easily constructed 
in odd D as we now explain. Consider the boosted MP-string in D dimensions (i.e., one 
obtained by lifting D — 1 dimensional MP). Such a solution is specified by \i, £, di, (3 where 
£ is the string radius, (3 is the boost parameter and \i, ctj are the mass and angular momenta 
parameters (in the transverse directions to the string) respectively, so % = 1, • • • m = \(D — 
2)/2]). The geometry clearly has symmetry R x U(l) m+1 . Now take the extremal limit 
which leads to a solution uniquely specified by £, a^, (3 which are m + 2 parameters. As we 
showed earlier, the near-horizon geometry of this solution has SO(2, 1) x U(l) m+1 symmetry, 
is specified by m + 2 parameters and spatial sections of its horizon have S 1 x S D ~ 3 topology. 
A necessary condition required for these solutions to correspond to the near-horizon limits 
of black rings is that the symmetry of the solution matches, i.e., m = n. This occurs if 
and only if D is odd and thus D = 2n + 3. In this case the boosted extremal MP-string 
has n + 2 parameters. Thus, for each boost value one has an n + 1 dimensional family of 
near-horizon geometries with the same symmetry, topology and number of parameters as one 
would expect for an extremal black ring. We derived the explicit form of these near-horizon 
geometries in § 2.3.2, see equation (2.23). 

Therefore we expect the near-horizon geometry of odd dimensional extremal rings to be 
given by that of the appropriate MP-string for some particular value of the boost. In fact the 
boost must be such that the MP string is tensionless, i.e., given by (6.1). The reasoning for 
this is as follows: we have argued that (6.1) must hold in the infinite radius limit. Further, 
this condition (6.1) does not receive corrections at leading order in R 2 /Ri (at least in the 
singly spinning limit), and so we expect it to hold for all values of R\/R2- Therefore 

Conjecture: The near-horizon geometry of an asymptotically flat extremal vacuum black 
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ring in D = 2n + 3 > 5 spacetime dimensions is globally isometric to the near-horizon 
geometry of a boosted extremal MP black string carrying non- vanishing angular momentum 
in all two planes R 2 C R 2n at a specific value of boost given by (6.1). 

Note that from the explicit near-horizon geometry we constructed earlier (2.23), this 
implies that: 

Rl = i i^~V ^ = n(r + )^. (6.2) 

In particular if a, = a (so Jj = J), then R 2 simplifies and we have R1/R2 = tja. Also observe 
that this conjecture implies that the area of the horizon of the black ring Ah is given by 
Ah = A'h where A' H is that of the MP black string (4.5). 

6.2 Conserved charges of extremal black rings 

We now turn to a discussion of the conserved charges of the ring, making use of the obser- 
vations in § 2.4 regarding which parameters can be read off from the near- horizon. 

First observe that the angular momenta of an asymptotically flat vacuum black hole 
can be calculated from the near-horizon geometry provided one knows how to identify the 
generators of the rotational symmetries on the horizon with those at infinity (which are 
defined as lying in orthogonal 2-planes). For a spherical topology black hole with U(l) n+1 
symmetry the generators of rotational symmetries are easily identified as the topology of 
the horizon is the same as at infinity. However, for a black ring, such an easy identification 
does not occur. This is because the generator of the S 1 is not uniquely defined as it has no 
fixed points. The rotational symmetries of the S 2n do have fixed points and these can be 
identified with the n rotational Killing fields at infinity. Thus Jj for i = 2, • ■ • , n + 1 can be 
calculated from the near-horizon geometry, but not = J±. However, it must be the case 
that 

n+1 

<9v = IV + c id<t>'i > 9 4>i = (6.3) 

i=2 

where d^i is the generator of the S 1 of the string in the near-horizon limit. As a coordinate 
change this reads: if}' = if> and <^ = 4>i + Q^j where (if}', are the S 1 and S 2n coordinates of 
the string respectively. Further, c, must be integers to ensure the generators of the S 1 have 
closed orbits of period 2tt. It follows that 

n+1 
i=2 

where JL, J[ can be evaluated from the near-horizon geometry and are given by (4.5). There- 
fore one can determine all angular momenta, up to the set of integers Cj. From the explicit 
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expressions for the angular momenta of the MP-string, (4.5) we find 



n+l 



W^l + |>^=). (6.5) 

These observations imply the following, using (6.2): for the extremal black rings the Jj (for 
i = 2, • • • ,n + 1) do not receive corrections in R2/R1 to any order, whereas can only 
receive a correction of order R 2 j ' R\ (iff any of the Cj 7^ 0). 

We will now turn to quantities which cannot be deduced from knowledge of the near- 
horizon limit alone. The most important such quantity is the ADM mass M of the extremal 
black ring solution. We will make the following assumption: the mass M does not receive 
any corrections in R 2 /R\ as compared to the mass of the string, i.e. M = M' where M' is 
given in (4.5). This fact is true in five dimensions as discussed earlier in § 5. 

Before closing this section we note the following: Consider the co-rotating Killing vector 
of the extremal ring which is null on the horizon d v = dt + + Qi di where dt is the 

asymptotic stationary Killing vector. From this it follows that = Vl'^ and Q' { = Qi + Ci Q^. 
Therefore, from the Smarr relation for the tensionless MP string ((4.6) with T zz = 0), we 
obtain 

^Z1 M ' = ^J' i , + Q l l J l l =^J^ + n i J l = I ^^M . (6.6) 

The second equality follows from changing from (?//, 0£) (string) to (ip, <pi) (black ring) co- 
ordinates, whereas the third equality follows from the Smarr relation for asymptotically flat 
extremal black holes (which we know must hold in general). This shows that the Smarr 
relation is actually insensitive to the knowledge of the integers q and can therefore be used 
to determine M given and flL. However, these angular velocities, like the mass, are not 
encoded in the near-horizon limit. Thus, instead of assuming the mass M does not receive 
any R 2 /Ri corrections, one could assume the Q^QL do not receive any such corrections 
which then, via the Smarr relation, allows one to deduce this fact for the mass as well. Note 
that this argument relies crucially on the fact that the MP string being tensionless - oth- 
erwise one would have an extra term in the Smarr relation coming from that of the string 
(4.6). Therefore, assuming the angular velocities receive no corrections relative to the string 
is a stronger condition than assuming this for the mass. We will not actually need to make 
this stronger assumption to deduce the phase diagrams. 



Summary: We have argued that all conserved charges of the ring are the same as those 
of the string, except for possibly J^. Further, the only way can differ from that of the 
string is via a term of order R 2 /R±, (6.5), if and only if any of the q 7^ 0. 
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6.3 Determining angular momentum in the plane of the ring 

In this section we will now present an argument which will allow us to deduce the set of 
integers q discussed in the previous section and therefore for the conjectured extremal 
black rings. The upshot of our discussion will be that all the q vanish for D > 5. Recall, 
from section § 5 we know that q = 1 in D = 5. 

Following [19] consider thin extremal black rings, which corresponds to R\ ^> i?2- The 
authors of [19] constructed perturbative solutions describing higher dimensional singly spin- 
ning black rings by computing the leading R2/R1 = O^ 1 ) correction to the boosted 
Schwarzschild black string and matching this onto a black ring solution valid in the weak field 
approximation. To repeat the analysis for extremal black rings, one would need to construct 
similar solutions by perturbing away from MP black strings. This requires knowledge of the 
appropriate sources for a multiply spinning black ring in the weak field approximation. 28 The 
source encoding the angular momentum of a ring in the ip direction can be simply modeled 
as a current density along the ring. Intuitively, this is easy to understand once one thinks of 
the ring as a bent black string; in the string picture one has just momentum density which 
produces a current. For singly spinning rings, the rest of the source should then reduce to 
that of Schwarzschild at each point on the ring. Now, in the weak field approximation, a 
Schwarzschild black hole is flat space perturbed by a point mass for source; because these 
black holes possess only one length scale the weak field approximation is equivalent to the 
far-field behaviour. 

If we wish to generalize this and write down appropriate sources for the MP string, 
at each point on the ring one needs a source corresponding to that of an MP black hole. 
However, such rotating black holes possess other intrinsic length scales (associated to the 
angular momenta) and therefore the weak field source is not given simply by the far field 
solution. Indeed, the source for a Kerr black hole is a complicated distribution of negative 
mass density 29 and one expects that MP black holes to have similarly complicated sources. 
It is possible however that one may need to only focus on slowly spinning black holes a -C r+. 
In this case one can utilize a point source of a spinning particle, see [15], because we have 
established a hierarchy of scales and are ignoring physics at sub-horizon scale. 30 In any case, 
we will present an argument that sidesteps the precise knowledge of the sources of multiply 
spinning black rings. To do so we will appeal to some results of the analysis of the singly 
spinning case [19], which we now recall. 

For thin singly spinning black rings, the leading \/£ correction to the geometry display 

28 In order to construct the geometry of a black hole in a weak field approximation, we take g^ u = Tj^ + h^v 
and consider appropriate effective sources for the stress tensor. h^ v in transverse-traceless gauge V = 
and M =0 satisfies Oh^ = —16irG^' T^ v . 

29 A superluminally spinning disk of matter located on the plane of rotation and bounded by the ring- 
singularity of Kerr black hole [69] . 

30 We thank Roberto Emparan for emphasizing this point to us. 
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interesting distinctions between D = 5 and D > 5. In particular, the physical parameters 
of the ring receive l/£ corrections in five dimensions, but remain uncorrected at this order 
in higher dimensions. The reason for this can be traced to regularity of the solutions. To 
see this in more detail consider the linearized solutions constructed in [19] which are valid 
in the overlap region ro <C r <C £ where tq is the characteristic scale of the transverse S D ~ 3 
(so ro ~ -R2) and r is a radial coordinate. The relevant component of the metric looks like 

g w =Cl (^) D ~ 4 (l + ^cos£ + 0(r 2 )) (6.7) 

where (6, r) are a set of ring adapted coordinates introduced in [19] and recall z = £ip'. This 
perturbation is regular in D > 5 but is not regular in D = 5. This can only be seen by 
comparing to the regular linearized solution for a ring in asymptotically flat space which 
is valid for ro <C r; in the overlap region this solution possesses a constant term in g t ^ 
at O (£~ l ) which ensures that has a fixed point in the correct place at infinity (ip here 
refers to true S 1 direction at infinity). To cure this pathology in (6.7) one needs to shift 
t — > t — ar ip'. This results in a shift of the physical parameters measured at infinity at 
order O {£~ l ) ■ In higher dimensions the constant term in the expansion of the weak field 
solution (ro <C r) occurs at a higher order O (£ 4_D ) and thus the physical parameters are 
not affected at 0(£- r ). 

Now, consider constructing a multiply spinning ring solution in asymptotically flat space 
in the weak field approximation. The weak field source for such a solution must depend on 
Ri (the ring radius), R2 the radius of the transverse sphere, and the angular momenta Jj in 
the transverse sphere. Such a solution is valid for R2 <C r. Second, we take a linearized ring 
solution about the MP-string; this will depend on £, r + and the MP rotation parameters 
a,; note that for extremal solutions r + = r + (aj) ~ a^. The regime of validity for such a 
solution is r + <C £■ Now, we would like to match these two solutions in an analogous manner 
to the analysis in [19] which led to (6.7) for singly spinning rings. From our near- horizon 
analysis R\ ~ £ and R2 ~ r + . Since there are two scales in the problem £, r + the trick is to 
work in a region where both of the approximate solutions above are valid. This occurs when 
r + C r < £. By continuity with the singly spinning case, we expect the linearized solution 
in this overlap region to look like 



(6.8) 

where F p (0, /ij) is a function of the direction cosines /ij, and is equal to F p {6) in the solution 
(6.7) and C is a constant independent of £. 

The important thing to note is that the constant term in g t ^i in (6.8) is contained in 
Fd_4 = 0(1) as £ — > 00. This constant term is affected by gauge transformations: under 
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t -> t + <?^' we find that F D _ 4 -> F D _ 4 + £ D " 4 5 and thus 5 = 0(i A ~ D ) for a finite limit. 
Such transformations do not change dt but do shift d^i — > d^r — bidt- We want to find the 
value of 5 which shifts d$> to the vector which matches onto d$. However, even without its 
knowledge we see that such a matching predicts that = (-§z§) 5 £ M. Therefore, using 
M = 0(£) and Jj = O(f) (which follow from (4.5)) we learn that Jj, = [l + C(£ 4 " D )] . 31 

However, in the previous section we argued that = J'Jl + 0(£ -1 )] (see (6.5)), if and 
only if any of the q ^ 0, or = if all q = 0. Therefore we see that for D > 5 one must 
have all q = which implies 

J* = J'f (6-9) 

and so in fact = d^>. Observe this argument is only valid for D > 5. Indeed, in D = 5 
one does in fact get a correction to as can be seen explicitly from (5.6). 

The main point is that despite the lack of knowledge of the precise sources, the leading 
fall-off at large distances is given by the mass term - for a string in D dimensions, this is 
r A ~ D . This then implies that any corrections to the physical parameters occur at O (^ 4 ~ D ), 
which is ruled out by the near- horizon analysis discussed in § 6.2. We may summarise the 
results of this section by the following 

Claim: For D = In + 3 > 7, the Killing field that generates translations along the 
string direction in the near-horizon limit is proportional to the Killing field that generates 
rotations along the S 1 of the ring defined to be in a plane orthogonal to the transverse S 2n 
at asymptotic infinity. 



6.4 Bounds on black ring parameters and uniqueness 

We have determined the physical parameters of extremal black rings as explained above. To 
fully specify the solution, we must provide bounds on these parameters. In general, for a 
black ring in asymptotically flat space one expects the angular momentum along the S 1 of 
the ring to be bounded from below since it provides the centrifugal force to compensate the 
ring's tension and gravitational self-attraction. This is of course in contrast to a black string 
whose linear momentum can be arbitrarily small. 

In § 5 we have seen that uniqueness is not violated for five dimensional extremal black 
objects with a single connected horizon. Rather, the bounds on the ring parameters admit 
extremal ring solutions whose conserved charges are arbitrarily close to the conserved charges 
of the MP black hole, but never equal. If we assume that this phenomenon extends to higher 
dimensions we can determine a lower bound for J^; this would be defined to be the value 
where the extremal ring locus intersects the extremal D-dimensional MP locus. It turns out 

31 Note that such a matching also predicts that M receives no correction to this order, which is consistent 
with our assumption that it receives no corrections to all orders made in § 6.2. 
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that the MP locus always intersects with our conjectured extremal black ring locus 32 as we 
will show in the next section. The upshot of this proposal to constrain the parameters is 
that uniqueness would not be violated. 

Rather than working directly with the conserved charges and the area we will revert to re- 
duced variables. Based upon our arguments, the reduced quantities (3.2) for the conjectured 
extremal black rings are 33 (recall D = 2n + 3): 



The second equality follows from using the extremal locus of the d- dimensional MP black 
hole (3.6) together with its homogeneity properties and = a^jl. The dimension dependent 
normalization is the same as what we used earlier for the MP black hole in (3.2) which was 
chosen to keep reduced quantities for MP black holes simple. This convention differs from 
those used in [19], which are chosen to simplify expressions for black rings. Explicitly, the 
reduced quantities j a of [19] are related to ours by j a = (|) 2n j a ■ Note that due 

to the arbitrariness in the choice of the normalization of the reduced quantities it is only 
meaningful to compare ratios of reduced quantities in a given dimension. 

The task now is to compare the reduced quantities for the rings to that of the MP black 
holes and plot the resulting phase diagrams. 

6.5 Phase diagrams of extremal black rings 

We are now ready to draw the phase diagram for the higher (odd-) dimensional extremal 
black objects following our proposal. First of all we need to find the extremal locus for black 
rings generalizing (5.10), analogous to the expression obtained in (3.7) for MP black holes. 

32 This is not the case when a ^ 0. In these cases the conserved charges of the spherical black hole solutions 
cannot become arbitrarily close to black ring ones. We have checked this explicitly for the equal angular 
momenta case, but believe it to be generic. 

33 Having argued that the angular direction in the plane of the ring ip is the same as direction of the string 
tp' = | we will henceforth drop the distinction between the two and use j^p to indicate the reduced angular 
momentum along the ring. 




(6.10) 



where 




(6.11) 
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Essentially, we are after the relation between j^, the angular momentum in the ip direction 
and the ji, the transverse angular momenta. The data necessary to carry out this exercise is 
the reduced angular momenta for the ring, given explicitly in (6.10) and the extremal locus 
for even-dimensional MP black holes specified by the function £d{ji)- Using the homogeneity 
properties of the functions £d{ji), it is easy to show that the desired extremal locus for the 
black rings is given by: 

, «n _K n (2n)" J_ rfil9 , 
H £M~ 2 (2n-ir*fc(K) 1 } 

which can be re-expressed in a terms of a homogeneous function S BR (j^,ji) as: 

£B R (JW*) = 3± ^ L = 1 with £* R (\u,\3i) = A 2 ^E R (j^Ji) • (6-13) 

Qt n 

Since the general expression for £d{ji) for MP strings is complicated, it is useful to 
consider the simple case of equal rotational parameters {ji = j) on the S 2n . Exploiting the 
results for extremal MP black holes in d = In + 2 dimensions with equal angular momenta 
on S 2n , (3.14), the black ring extremal locus simplifies to 

M 2n 1 

U = -f- ^zr ■ (6-14) 

This can now be compared with the behaviour of the extremal MP black hole in D = 
In + 3 dimensions with all but one equal angular momenta. The extremal locus in this case 
is given for the black holes by (3.12) with j\ = ji/> and j'2 = j- The resulting phase diagrams 
for D = 7, 9, 11 are depicted in figure 6, where we plot the extremal loci for the MP black 
holes and the extremal black rings. An important feature, consistent with uniqueness, is 
demanding that the potential intersection point of the MP black hole and black ring curves 
is a strict lower bound for of the black ring, called • ] for these solutions we predict 
jtp > (j'v)min (*' e -' strict inequality as in the 5d case) thus avoiding an intersection. 



D 


\3 'ip) min / 3 'sym 


7 


1.657 


9 


1.421 


11 


1.241 



Table 1: The minimal value of in various dimensions. 

In table 1 we give the values of (j^) min - To remove the effects of dimension dependent 
normalization coefficients involved in defining the reduced parameters (3.2) and (6.10), we 
present these values compared to the value of the maximal area MP black hole in D = 2n + 3 
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Fig. 6: Phase diagram for extremal black holes and black rings with equal angular momenta on the 
transverse S 2n in D = 7,9,11 (in this order.) In all cases, the gray curve corresponds to the 
MP black hole and the black one to the black ring. The corresponding phase diagram for 
D = 5 is given in Fig. 5. The ring curve is terminated at the point of intersection with the 
MP curve; this preserves uniqueness and provides a lower bound on the allowed value of fy. 
Left: Plot of the j vs. curve, where j = ji is any of the angular momenta on the S 2n . 
Right: Plot of the an vs. curve. 



dimensions, i.e., j sym of (3.14). Curiously, this minimal value decreases with dimension, 
lending credence to the lore that gravity is weaker in higher dimensions (and thus one ought 
to be able to balance rings more easily). 34 In the general situation i.e., for MP black holes 



34 For D = 5 the minimal value of the true as in (5.9) measured thus is 1.5, while the string result of 
using from (6.10) (i.e., not accounting for the mixing of angles) gives 1.707. This is a consequence of the 
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Fig. 7: Our prediction for the phase diagram of seven dimensional extremal black rings. We have 
superposed on this plot the extremal MP solutions for comparison. Left: The extremal loci 
plotted as a surface in the reduced angular momenta (ji/,,i2> J3) space. We have cut-off the 
ring surface along the intersection curve with the MP extremal locus. Nevertheless, there exist 
solutions with arbitrarily small fy. Right: Reduced area of the black rings and black holes. 

with arbitrary rotation in the transverse S 2n , we continue to have an intersection between 
the ring and black hole extremal loci. We expect this intersection always happens along a 
co-dimension one surface; in seven dimensions the surfaces intersect along a connected curve 
while in nine dimensions the intersection occurs along a connected surface. 35 This is seen 
clearly in Fig. 7, where we see the intersection of the surfaces of extremal MP and black 
rings in D = 7. The intersection happens along a connected curve, which extends off to 
large values of j'2 or j 3 and thereby allows extremal rings with arbitrarily small values of ; 
hence there exist extremal rings with ■ — » 0. This feature is a novel prediction of our 
analysis for black rings in D > 5. 

6.6 Predictions for extremal black rings 

We now discuss a few features of extremal black rings that our analysis reveals. We have 
already mentioned that higher dimensional extremal rings can stay balanced with arbitrarily 
small angular momentum in the plane of the ring (essentially by being spun up in the 
transverse directions), see Fig. 8. This is in fact in line with the observation made for doubly 

l/£ effects in five dimensions. 

35 It is interesting that the intersection happens along a connected co-dimension one hypersurface of the 
extremal loci. A-priori it was not guaranteed that the surfaces intersect; at best one could have expected 
them to meet at a disjoint union of lower dimensional hypcrsurfaccs. 
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Fig. 8: Left: The value of (jif>) min as a function of ji for the seven dimensional extremal black 
rings. As emphasized in the text there are rings with arbitrarily small values of {jtp) mhl owing 
to the possibility of taking j'2 — > oo or j'3 — ► 00. Right: The value of (j^) . as a function of 
(j2> J3) f° r the nine dimensional black ring. Note that now both j'2 and jz can become large 
simultaneously. 

spinning (non-extremal) rings five dimensions in [14] that increasing the transverse spin 
tends to reduce {j^) min - Intuitively, this might be attributed to a spin-spin interaction of 
anti-podal components of the ring along the S 1 . 36 

Entropy: For large jf, the black rings are entropically more favourable (c/., Fig. 6) than the 
MP black holes. While such behaviour is expected for singly spinning rings (necessarily non- 
extremal), due to the ultra-spinning instability of the MP black holes [63], in the extremal 
context its origins are different. One heuristic reason for this is that thin rings are like 
hula-hoops, while ultra-spinning black holes (even extremal) are like disks; for given mass 
the disks tend to be thinner than rings and hence have smaller area [19]. Of course, we are 
far from Newtonian physics in this strong gravity regime of extremal black holes, but the 
intuitive argument serves to illustrate the essential distinction between the objects. 

From Fig. 6 it is clear that the black ring area is monotonically decreasing with for 
the special case of all the transverse angular momenta being equal, unlike the MP black hole 
where the area is maximized at the symmetric point = j). This is because the ring picks 
out a preferred direction and so the area has no characteristic feature as a function of j^. 
On the contrary, the absence preferred choice for MP black holes results in an asymmetric 
behaviour of a^(j^), with a characteristic maximum. This monotonicity property for the 
rings is lost when we consider generic rotations in the transverse S 2n . 

36 We thank Veronika Hubeny for emphasizing this point to us. 
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Membrane limit: In § 3.3 we showed that the extremal MP black holes have an ultra- 
spinning limit following [63]; this limit appears to be more subtle for extremal black rings. 
To see this recall that above we demonstrated that the membrane limit commutes with the 
near-horizon limit for MP black holes. Now consider taking the limit in the near-horizon of 
an extremal black string with horizon topology S 1 x S 2n in D spacetime dimensions. We 
expect to obtain a black brane with horizon topology S 1 x S 2n_2p x R 2p by the arguments 
of § 3.3. Ignoring the flat space factors thus generated (arising from the R 2 s where we sent 
<2j — > oo), we have a black string in some D — 2p dimensions. This string is however tensile 
- the pressurelessness condition (6.1) being dimension dependent, leads to differing values 
of the boost for the string and the membrane (in the former case we have the boost as in 
(6.1), while in the latter the boost would have to be sinh 2 /3 = 2n -2p-i )' So assuming that 
a potential membrane limit commutes with the near-horizon limits for the extremal black 
rings, we are led to a contradiction. On the other hand, inspection of the phase diagram 
Fig. 7 suggests that as one of the ji gets large, the ring 'behaves' like a lower dimensional 
ring. However, upon closer inspection, it appears that in addition to taking the ji — > oo 
we need to rescale by a finite amount to precisely recover the lower dimensional ring's 
extremal locus. This is consistent with the differing values of boost described above. Putting 
these things together suggests that there is no simple analog of the membrane limit of MP 
black holes for the black rings. 

7 Discussion 

The main focus of the present paper has been an exploration of vacuum extremal black holes 
in dimensions greater than five. As motivated in § 1 the restriction to extremal solutions 
is non-trivial and as we have discussed there is a rich moduli space of such solutions even 
in vacuum gravity. Apart from examining aspects of known examples of extremal black 
objects based on the MP black holes, we have also obtained predictions of certain properties 
of hitherto unknown extremal black ring solutions. 

On the mathematical side, we have shown that vacuum solutions with degenerate horizons 
have an enhanced near-horizon AdS 2 isometry assuming the rotational symmetry of the 
solution enhances such that spatial sections of the horizon are cohomogeneity-1. From the 
known solutions to date, MP black holes (and strings) with equal angular momenta in 
even dimensions and all but one equal angular momenta in odd dimensions fall into this 
class of geometries. It is natural to expect that this symmetry enhancement extends to 
situations where the spatial sections of the horizon have less symmetry given the fact that 
we proved this was the case for the generic extremal MP black holes with unequal angular 
momenta. However, proving the general statement requires new techniques beyond those 
developed in [42] which we exploited. The primary complication is that the method used 
is well adapted to cohomogeneity-1 metrics on the horizon; higher cohomogeneity metrics 
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occurring in the generic case are troublesome due to absence of well-adapted coordinates for 
the analysis. Nevertheless, given that there are high cohomogeneity metrics displaying the 
enhanced symmetry, it would be interesting to see if the Theorem proved in § 2.2 can be 
generalized. 

We have also presented explicit examples of vacuum near-horizon geometries with horizon 
topology S D ~ 2 and S 1 x S D_3 . Of course, in higher than five dimensions one might expect 
other topologies. Although we have concentrated on black rings, it would be very interesting 
to find solutions with even more exotic horizon topology. 37 

Given the near-horizon geometry alone, an important question is how much of the physical 
characteristics of the solution, such as the conserved charges etc., can be determined. We 
have argued that while it possible using Komar integrals to capture certain angular momenta, 
the near-horizon metric does not capture the mass of the black object or the angular velocities 
(both of which depend on the asymptotic stationary frame). More generally, as discussed at 
end of § 2.4, a given near-horizon geometry might not always be extended to a full solution 
with prescribed asymptotics. Understanding the constraints on when this can be done is an 
interesting open question. 

The new physical result in the paper is the prediction of the phase structure for ex- 
tremal black rings in higher dimensions. As we have emphasized, higher dimensional black 
holes/rings are not easily amenable to analytic treatment owing to the lack of solution gener- 
ating techniques. Given this, our strategy has been to exploit the mathematical result above, 
combined with certain plausible physical assumptions, to construct the phase diagram for 
black rings. 

The logical argument for our construction of extremal black rings can be summarized 
as follows: given the near-horizon symmetry enhancement for degenerate horizons, extremal 
black rings should have a near-horizon that has three main characteristics (i) AdS2 isometry, 
(ii) ring topology, and (iii) correct rotational symmetry, i.e., must be a subgroup of SO(D — 
1). We already know of a solution in odd spacetime dimensions with these characteristics 
- the near-horizon geometry of the extremal MP black string. The MP black string is not 
asymptotically flat, but heuristically, can be made so if the string is tensionless, by bending 
it. The tensionlessness condition fixes the boost parameter of the string to a numerical 
(dimension dependent) constant, which is independent of the transverse rotation. Our main 
claim is that the black string near-horizon geometry at this particular value of the boost 
parameter is isometric to the near-horizon geometry of an extremal black ring. The rest 
of the analysis is then aimed at determining the physical parameters of the black ring. We 

37 Of course one can trivially construct vacuum near-horizon geometries by taking the direct product of 
R 1,1 with a Ricci flat metric on Tt, ds 2 NH = dv dr + ds 2 (H). While this gives examples with non-trivial 
horizon topology they are in a sense trivial and we do not expect them to correspond to near-horizon limits 
of asymptotically flat black holes. It is the non-trivial examples which take the form of fibrations over AdS2 
which we are interested in. 
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have argued that the conserved quantities of the extremal ring are the same as those for the 
corresponding black string. 

We infer the angular momenta in the transverse sphere of the ring using the Komar 
integrals - these are therefore the same as the corresponding values of the MP black string. 
We assume the mass of the asymptotically flat black ring receives no corrections relative 
to the MP black string. The remaining physical parameter, the angular momentum in the 
plane of the ring we also argue agrees with the string. Deducing this involves realizing that 
the only admissible correction to the string's angular momentum occurs at leading order in 
l/£ (recall that i size of the circle wrapped by the string) and showing that such corrections 
do not arise in D > 5. This then completes the determination of the physical parameters. 
Finally, we put bounds on the physical parameters by requiring that black ring extremal 
locus is unbounded above and bounded below by the extremal locus of the MP black holes. 
This requirement implies uniqueness is not violated, but this is not demanded by any known 
theorem. Curiously, uniqueness is satisfied by the known extremal black objects in five 
dimensions. It would be very interesting to understand the origin of this uniqueness and 
explore its consequences further. 

Of course, a generic feature of higher dimensional non-extremal black holes is violation 
of uniqueness. 38 Therefore, from this point of view, it seems remarkable that uniqueness 
is restored for extremal black holes in five dimensions. Curiously, note that the extremal 
doubly spinning rings do come arbitrarily close to violating uniqueness [14]. It is interesting 
to observe that based on our proposal, if any q 7^ (in (6.5)) it seems one cannot get 
extremal rings arbitrarily close to MP black holes. It is thus tempting to speculate that this 
suggests all q = (consistent with our final proposal), so that extremal higher dimensional 
rings can come arbitrarily close to violating uniqueness as in five dimensions. 

Our analysis throws up some interesting features of five dimensional solutions which do 
not seem to be shared by their higher dimensional counterparts. Apart from the fact that 
extremal rings in five dimensions have slightly different characteristics (in terms of the mixing 
of the ring and the transverse directions), there is a curious fact about the entropy of five 
dimensional black objects. The area formula for extremal five dimensional MP or doubly 
spinning black rings takes an extremely simple form. For example, for the extremal black 
ring solution of [9] one has 



The simplicity of this and analogous expressions for four and five dimensional black holes have 
been used to motivate a microscopic counting of the entropy of these objects [44, 45, 46, 47, 
48]. These results rely on locally supersymmetric D-brane intersections (with supersymmetry 
being globally broken due to different supercharges being preserved at different intersections) . 
It is well known that in dimensions greater than five there are no localized supersymmetric 

38 In the context of generalized Weyl solutions, [61] it is shown that the rod-structure of a solution together 
with its conserved charges fully specify the solution. 
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black holes. Further, the known extremal solutions in vacuum gravity have complicated area 
formulae. For example for the 6d extremal MP one has 

This seems suggestive that the mechanism for micro-state counting of black holes in four 
and five dimensions is a happy accident of local supersymmetry, while higher dimensional 
extremal solutions are intrinsically more complex. 

Although the focus of this paper has been on asymptotically flat vacuum black holes let 
us comment on AdS black holes, as some of the techniques used in this paper can easily 
accommodate a cosmological constant. For example, the theorem we proved on symmetry 
enhancement in the near-horizon limit applies equally to AdS vacuum gravity. Our discussion 
of extremal black holes has relied heavily on the use of Gaussian null coordinates and the 
'double-scaling' limit which defines the near-horizon geometry (2.3). Indeed such coordinates 
have been used previously in the context of supersymmetric AdS 5 black holes. In particular, 
under some assumptions, supersymmetric AdSs black rings were ruled out. This was deduced 
from a classification of all possible near-horizon geometries of supersymmetric AdS§ black 
holes with R x U{1) 2 symmetry [38, 39]. 

More recently, again in the AdS/CFT context, a map relating gravitational solutions in 
asymptotically AdS spacetimes to solutions of conformal fluid dynamics has been constructed 
in a long- wavelength approximation [70, 71, 72]. The discussion so far has been for uncharged 
fluids just carrying energy-momentum corresponding to AdS vacuum gravity. Note that 
extremal solutions in pure AdS gravity cannot be supersymmetric. However, the techniques 
used in this paper, which rely only on extremality, could be applied to the study of "extremal" 
fluids. For instance, it would be interesting to exploit the Gaussian null coordinates to 
analyze the entropy current for such degenerate horizons, generalizing the recent analysis of 
[73] . It would also be interesting to develop techniques to analyze the behaviour of extremal 
fluids in confining gauge theories as discussed in [74, 75]. The latter analysis predicts a phase 
diagram for black holes and rings in AdS spacetimes using the dual field theory; this could 
provide an interesting test for the phase diagram proposed in this paper. 
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A Calculating near-horizon limits 



In this appendix we describe how to construct the near-horizon geometries for the MP black 
holes and strings given in § 2.3.1 and § 2.3.2, following the approach developed in [42]. The 
starting point for any of these calculations are the MP solutions which, in Boyer-Lindquist 
type coordinates, are: 

V- V . UF 



ds z = - d t> + Y^{r 2 + a 2 ) {dfi 2 + fi\ dcfi) + Ut-^Oitf d<Pi + n _ ^ dr 2 (A.V 

i=l \ i=l ' ^ T 

in 2n + 1 dimensions and 



fir f J\ 2 \ II F 



cfe 2 = -^ 2 + r 2 da 2 + ^(r 2 + a 2 )(d/i 2 + //? # 2 ) + ^ I dt - ^ <H A d<f>A + ^ 



i=l \ i=l 



dr 
fir 

(A.2) 



2 



in 2n + 2 dimensions, where 



2 ,,2 



£ ^ < A - 3 > 



r ^ _|_ a 



and the rest of the functions and coordinates are defined as in the main text 39 . We are also 
interested in the MP black strings in D = 2n + 3. These are constructed by taking the 2n + 2 
dimensional MP metric (A.2) adding dz 2 and boosting (t, z) — > (cpt — spz , — spt+cpz) where 
cp = cosh/3 and sp = sinh/3. 40 The explicit metric for this thus reads 



ds 2 = -dt 2 + dz 2 + r 2 da 2 + ^(r 2 + a 2 )(dfi 2 + fi 



i=l 



In fact it is convenient to illustrate the method of computing a near-horizon limit for 
a more general class of "black-hole like" metrics. This generalizes the discussion in [42]. 
Consider solutions of the form 

ds 2 = g tt {R,p)dt 2 + 2g ti {R,p)dtd^ + g RR {R,p)dR 2 (A.5) 
+g pq {R, P ) d(P dp q + 9ij {R, p) d& d&, 

where p, q = 1, • • • m and i, j = 1, • • • , n. 41 .The p v coordinates are a set of "polar" angles and 
the are a set of azimuthal angles. Here R is a radial coordinate and the event horizon 



39 We have taken a, — > — a, relative to the original MP metric in [18]. Without loss of generality we will 
assume our at > 0. 

40 Note this is equivalent to changing coordinates to (t' , z 1 ) = (cpt + spz , spt + cpz) and then subsequently 
dropping the "primed" . 

41 Of course the integer m is related to n in the solutions we are dealing with but we will leave it free. 
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is located at R = 0. We emphasize that all known black hole solutions (in any dimension), 
including black rings, can be written in the above form. By shifting the by constant 
multiples of t, we may always choose a co-rotating frame in which the Killing vector d t is 
null on the horizon, which we assume henceforth. For all known extremal black hole solutions 
it is the case that 

g tt = f t (p)R 2 + 0(R 3 ), g u = f t (p) R + O (R 2 ) , g RR = f R (p) iT 2 + (iT 1 ) (A.6) 

for functions / M that are determined from the given solution. To construct the near-horizon 
limit, we proceed by introducing coordinates valid on the horizon, (v, r, <p l ) via 

R = r, dt = dv+ (^ + —)dr , d& = + ^ dr . (A.7) 

The constants ao,ai,&o are fixed by requiring the metric and its inverse be analytic at the 
horizon r = 0. Now take the near-horizon limit defined by v — > v/e,r —* er with e — > 0. 
Referring to the metric that results after taking the limit as g^ u , we easily obtain the following 
components, as they are not affected by the transformation (A.7): 

9w = ft(p) r 2 , g pq = g pq (0, p), g vi = fi(p) r, g {j = ^(0, p). (A.8) 

Now define hi = fi(p). Elimination of the divergent 1/r terms in g r i requires 

= -oq Y j (p) h = -ao k\ (A.9) 

Consistency obviously requires that the k l be constants. This is certainly true for the ex- 
amples we are dealing with and ultimately follows from the fact that we are dealing with 
solutions to the field equations. Next, it is straightforward to check that, after the taking 
the near-horizon limit, 

T = g vr = aoft(p) + blh = a {f t {p) - k%), (A.10) 

and hence now we need only ao to determine the full near-horizon metric. We now turn to 
g rr . Eliminating the 1/r 2 term yields the condition 

This equation is only consistent if the RHS is a constant and further, since f R (p) > a 
second consistency condition is that k l ki — ft > 0; again, these consistency requirements 
are met for the solutions we are dealing with. We could now determine a\ by removing 
the 1/r divergence in g rr . However, note that dr 2 /r vanishes in the near-horizon limit, and 
hence to construct the near-horizon geometry we do not need a±. Finally, observe that we 
may write g vv = ft(p)r 2 = (% x r + k % k^)r 2 . Putting this all together, we have the following 
cohomogeneity-m near-horizon geometry: 

ds 2 = T{p)[a^ l r 2 dv 2 + 2dvdr] + g m {p)d(? dp q + ^ j (p)(d(p i + rk i dv)(d^) j + rk j dv). (A.12) 

We choose signs such that T > 0, so we are dealing with a future horizon. This implies 
ao < 0. In this form, it is clear that the near-horizon geometry has an 5*0(2,1) x U(l) n 
isometry. 
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